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Preface

Measure Theory at UP FAMNIT is a course at the undergraduate study
programme Mathematics. In a typical year the students learn the basics
about the Lebesgue integral, the construction of the Lebesgue measure and
the connection with the Riemann integral. They also learn the basic prop-
erties about LP spaces, complex measures, and the product measure with
Fubini’s Theorem. The lectures are based on selected topics from the book
Rudin, Walter: Real and complex analysis, Third edition, McGraw-Hill Book
Co., New York, 1987 (which contains much more material) and on the lec-
tures given by Prof. Roman Drnovsek, which I attended as a student. These
notes provide an overview on the topics/theorems learned at mine course.
The lectures themselves contain also most of the proofs and several exam-
ples. The notes end with a vocabulary (ENG/SLO) of mathematical words,
since the course is often attended by Slovenian and foreign students.

Marko Orel Koper, May 2022
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CHAPTER 1

Lebesgue Integral

1.1 Measurable Functions

Let X be an nonempty set. A family 7 of its subsets is a topology on X,
if the following three conditions are satisfied:

(i) 0, X e,
(i) Uy,....U,eTr=N_ U €,
(iii) Uy et forall A € A= J,.,Ur €T

Elements of 7 are open sets. Their complements are closed sets. The pair
(X, 1) is a topological space. A map f : X — Y between two topological
spaces is continuous if the following implication holds:

U is open in Y = f~!(U) is open in X.

Let X be an nonempty set. A family M of its subsets is a o-algebra on X,
if the following three conditions are satisfied:

(i) X e M,
(i) Ae M= A° e M,
(111) Al,Ag,... GM:>U21AZEM

5



6 1 LEBESGUE INTEGRAL

Elements of M are measurable sets. The pair (X, M) is a meausurable space.
Given a topological space Y, amap f : X — Y is measurable if the following
implication holds:

U is open in Y = f~1(U) € M.
From the definition of o-algebra we deduce the following properties:
e ) eM,
o A Ay A, eM=_, A eM,
o A Ay,...e M= N2, 4 eM,

Al,AQ,...,AHEMim?:lAZ’ GM,

A BeM= A\BeM.

Proposition 1.1.1. Let X be a measurable space and assume that'Y and Z
are two topological spaces. If a map f: X — 'Y is measurable and g : Y — Z
s continuous, then go f : X — Z is measurable.

Proposition 1.1.2. Let X and Y be a measurable space and a topological
space, respectively. Assume that real functions u,v : X — R are measurable
and ® : R?> = Y is continuous. Then the function h : X — Y, defined by
h(z) :== @ (u(z),v(x)), is measurable.

Remark. In Proposition 1.1.2, sets R and R? are equipped with the usual
topology.

Corollary 1.1.3. Let X be a measurable space.

(i) If functions u,v : X — R are measurable, then f =u+iv: X — C is
measurable.

(i) If f = uw+iv : X — C is measurable, then u,v,|f| : X — R are
measurable.

(i1i) If f, g : X — C are measurable, then so are f+g,f —qg,f 9.

(iv) Given a subset E C X let xg : X — R be its characteristic/indicator
function, that is,
| lifzeE,
xe(r) = {o ifr ¢ E.
Then
XE s measurable <= E is measurable.



1.1 Measurable Functions 7

(v) Constant maps are measurable.

(vi) If f : X — C is measurable, then there exists a measurable function

a: X — C such that |a(x)| = 1 and f(z) = a(z)|f(z)| for all z € X .

Remark. In Corollary 1.1.3, sets R and C are equipped with the usual topol-
ogy.

Theorem 1.1.4. Let F be a family of subsets of a set X # (). Then there
exists the smallest o-algebra on X, denoted by o(F), such that F C o(F).

Let (X, 7) be a topological space. By Theorem 1.1.4 there is the smallest
o-algebra on X that contains 7. It is called Borel o-algebra. Its elements are
Borel sets.

If X and Y are two topological spaces, where X is equipped with Borel
o-algebra, then a measurable map f: X — Y is said to be a Borel map.

Proposition 1.1.5. Let (X, M) be a measurable space, Y a topological space,
and f: X =Y a map. Then:

(i) The set {E CY : f7Y(E) C M} is a o-algebra on Y.
(ii) If f is measurable and E CY is a Borel set, then f~'(E) € M.

(iti) If Y = [—00,00] and f~'((a,00]) € M for all a € R, then f is mea-
surable.

() If f is measurable, Z is a topological space, and g :' Y — Z a Borel
function, then go f : X — Z is measurable function.

For aq,as, ... € [—00,00] we define the limes superior and limes inferior
as

limsupa, := lim (sup ak) = inf (sup ak),
n—00 n=00 " k>n n k>n

liminfa, := lim ( inf ak) = sup ( inf ak),
n— 00 n—oo - k>n n k>n

respectively. We have a = lim,,_,, a,, (i.e. limit in topological space [—o00, 00])
if and only if limsup,,_, a, = @ = liminf, , a,.

For a sequence of functions f, : X — [—00,00] we define functions
limsup,,_,o fn, liminf, ,o fn, sup, fn, inf, f, of the form X — [—o0, 0]
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(tim sup f,) () = Timsup (1, ().
(liminf f,) (x) := liminf (f,(2)).
(sup fu) (@) := sup (fn( ),
(inf fu)(2) = mf (fal@)).

If f(z) := lim, o fu(x) for all z € X, then f is a pointwise limit of the
sequence (fy,)nen-

Proposition 1.1.6. If f,, : X — [—00, o] are measurable, then limsup,, . fx,
liminf, . fn, sup,, fn, inf, f, are measurable as well.

Remark. If f is a pointwise limit of measurable functions f,, then f is mea-
surable, since f = limsup,, , . f, = liminf, , f..

Corollary 1.1.7. If f,g : X — [—00,00| are measurable functions, then
inf{f, g} and sup{f, g} are also measurable functions.

For f : X — [—o0, oo] we define the positive part of f and negative part of
fas fT =sup{f,0} and f~ = sup{—f,0}, respectively. If f is measurable,
the same holds for f*, f~. Moreover, f = f* — f~ and |f| = f* + f~.

A function s : X — C is usually defined as simple, if it has a finite
image, that is, if s = > ;| agxa,, where s(X) = {a1, as,...,a,} and Ay :=
s ({ax}) (we are assuming that o; # «a; for i # j). It follows easily that s is
measurable if and only if Ay,..., A, are measurable. Therefore, in measure
theory, a simple function is a function with a finite image, where the sets
Ay, ..., A, are measurable.

Theorem 1.1.8. Let f : X — [0, 00| be measurable. Then there ezist simple
functions s, : X — [0,00) such that

(i) 0< s1(2) < so(x) < -,
(i1) lim,_,e0 $n(2) = f(2)

forallx € X. If f is bounded, then (s,), can be chosen in such way that the
convergence in (i) is uniform.
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1.2 Positive Measure

Let (X, M) be a measurable space. A map u: M — [0,00] is a positive
measure on M if it has the following two properties:

(i) For arbitrary disjoint Ej, Es, ... € M we have

i (U El> = Z w(E;) (countable additivity).
i=1 i=1

(ii) There exists A € M such that u(A) < oo.
The triple (X, M, u) is called a measure space.
Theorem 1.2.1. Let (X, M, u1) be a measure space. Then we have:

(i) p(0) =0

(ii) For arbitrary disjoint Ey, Es, ..., E, € M we have

i (U EZ) = Z w(E;) (finite additivity).
i=1 i=1

(111) Measure p is monotone, that is, pu(A) < u(B) whenever A C B for
A, BeM.

(iv) If AC B for A,B € M and u(A) < oo, then u(B\A) = u(B) — u(A).
(v) If Ay C Ay C -+, where A; € M for all i, then

fiNp
(vi) If Ay D Ay D -+, where A; € M for all i and u(A;) < oo, then
()
(vii) If Ay, Ay, ... € M, then
1 (G AZ-) < i 1(A;) (countable subadditivity).

Proposition 1.2.2. If f,g: X — [0, 00] are measurable, then f+ g and f-g
are measurable.
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1.3 Integral of a Positive Function

Let (X, M, 1) be a measure space. For A, E € M we define

/ Xadp = p(ANE).
E

If s : X — [0,00) is simple, that is, s = > | a;xa,, where the image
s(X) = {ay,...,a,} consists of n elements and A; := s7!({a;}) € M, then

we define .
sdu = E a; (A N E).

i=1

For an arbitrary measurable function f : X — [0, co] we define

/fd,u ::sup{/ sdp 2 0<s<f s: X —1[0,00)is simple}. (1.1)
E E

The integral (1.1) is theLebesgue integral of f over E, with respect to the
measure 4. It is a number in [0, co].

Proposition 1.3.1. Let (X, M, i) be a measure space. Assume all the func-
tions and the sets in the proposition are measurable. Then:

(1) If 0 < f < g, then [ fdu < [, gdu.

(i) If f >0 and AC B, then [, fdu < [, fdpu.
(i) If f >0 and c € [0,00), then [,cfdu=c [, fdu.
(iv) If f(x) =0 for all x € E, then [, fdu = 0.

(v) If W(E) =0, then [, fdu=0.

(vi) If £ >0, then [, fdu = [y fxndp.

Proposition 1.3.2. Let (X, M, ) be a measure space. If s : X — [0,00) is
a stmple function, then

o(E) = / sdp
E
1s a positive measure on M.

Proposition 1.3.3. Let (X, M, u) be a measure space. If s,t : X — [0,00)
are simple functions, then

/(s+t)d,u:/sd,u+/tdu.
X X X
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Theorem 1.3.4. (Lebesgue’s Monotone Convergence Theorem) Assume a
sequence of measurable functions f, : X — [0, 00] satisfy

fi<fo<-. (1.2)

Then the pointwise limit f(x) := lim, o fn(x) is measurable and

/ fdp = lim /fndu
X n—o0
Remark. So if a sequence of positive measurable functions satisfy (1.2), then

Theorem 1.3.5. Assume functions f, : X — [0,00] are measurable for all
n € N. Then the function f: X — [0,00] defined by f(z) := > "7, fu(z) is

measurable and -
fdp = / Jn dp.
foram=% ],

Remark. The content of Theorem 1.3.5 is that for positive functions we can
swap the order of the summation and the integration. Clearly, the claim
holds also for ‘finite’ sums.

Corollary 1.3.6. If a;; € [0,00] for alli,j € N, then
2SI o
i=1 j=1 j=1 i=1

Theorem 1.3.7. (Fatou’s Lemma) Assume that functions f, : X — [0, 00]
are measurable for all n € N. Then

/ liminf f, dp < lim inf/ frndp.

neoo

Theorem 1.3.8. Assume that f : X — [0,00] is a measurable function.
Then

om) = [

s a positive measure on M and

/ngsoz/xfgdu

holds for every measurable function g : X — [0, o0].
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1.4 Integral of a Complex Function

Let (X, M, i) be a measure space. The members of the set

LYX, M, ) = {f : X — C measurable, / |fldp < oo}
b

are Lebesgue integrable functions with respect to u. Sometimes, where there
is no risk of confusion, we write briefly L'(u). For f € L'(u) write

f=u+iv=u"—u +ivt —iv,

where u and v are the real and the imaginary part of f. The Lebesqgue integral
of f with respect to p is given by

/fd,u:/u+du—/u‘du+i/v+dﬂ—i/v_du.
X p% b b b%

Re(/deu):/XRefd,u,
m(/}(fdu)—/xlmfdu.

For a measurable function f: X — [—00, 00| we can define

/fdu —/ £+ dpi - /f an, (1.3)

if one of the two integrals on the right hand side of (1.3) is finite.

Clearly

Proposition 1.4.1. The set L'(1) form a vector space over C for the usual
operations and

/X(aerﬂg)du:a/dequﬁ/ngu

holds for all f,g € L'(u) and a, 8 € C.

Proposition 1.4.2. The inequality

d dis.
Xfu‘S/XIflu

holds for all f € L*(p).
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Theorem 1.4.3. (Lebesgue’s Dominated Convergence Theorem) Assume that
for a sequence of measurable functions f, : X — C the limit lim,,_, fn(z) =:
f(x) exists for each x € X. Let g € L*(u) be such that

|[fn(2)] < g(2)
holds for all x € X and alln € N. Then

(i) f € L'(p),

(111) fod,u = lim,, o0 fX fndp.

Remark. The main content is that [, (lim,—e fr) dp = limy o0 [y fr dpe if
the assumptions in the theorem are satisfied.

A positive measure p is complete if the following implication is satisfied:
AeM u(A)=0,BC A= BeM.

Proposition 1.4.4. Let (X, M, ) be a measure space. Then there ezists
a o-algebra M* on X and a complete positive measure p* on M* such that

M CM* and p*(A) = u(A) for all A € M.

The o-algebra M* from Proposition 1.4.4 is called a u-completion of M.

Let P be some property that an element z € X has it or not. We say
that P holds almost everywhere on X if {x € X : x has not property P} is
a measurable set with u({az € X : z has not property P}) = 0. Sometimes
we abbreviate as a.e. [u].

We next redefine a notion of a measurability of a function. Assume that a
function f is defined almost everywhere on X, that is, f is defined on £ € M
with p(E°) = 0. Then we say that f is measurable if {r € E : f(x) e U} €
M whenever U is a open set. If, for example, we define additionally f(x) =0
for x € E°, we obtain a function that is measurable in ‘old sense’ with an
additional property that [, fdu = [, fdpu.

Theorem 1.4.5. Let (X, M, i) be a measure space. If f,, is a complex mea-
surable function defined almost everywhere on X for each n € N and

Z/ | ful dpt < 00,
n=1 X

then the series f(x) := > " fa(x) converges absolutely for almost all x € X,

feL'u), and
/deuzg/xfndu-
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Theorem 1.4.6. Let (X, M, 1) be a measure space.
(i) If f: X — [0,00] is measurable, E € M, and [, fdu =0, then f =0
a. e. on F.
(i) If f € L'(n) and [, fdpu =0 for all E € M, then f =0 a. e. on X.

Theorem 1.4.7. Let (X, M, ) be a measure space, where u is a finite mea-
sure, that is, 1(X) < oo. Assume that f € L'(n), S C C is a closed set,

and .
— | fdues
u@%é g
holds for all E € M with u(E) > 0. Then f(x) € S for almost all x € X.

Theorem 1.4.8. Let (X, M, i) be a measure space and assume that measur-
able sets Ey, By, ... satisfy > -~ p(E,) < co. Then almost every x € X is
an element of at most finitely many members of the family {E1, Es, .. .}.

1.5 Convergence of Sequences of Measurable
Functions

Let (X, M, p) be a measure space.
A sequence (f,,)nen of measurable functions f,, : X — C converges almost
everywhere to a measurable function f : X — C if

p({zx e X ¢ fu.(x) does not converge to f(x)}) = 0.

A sequence ( f,)nen of measurable functions f,, : X — C almost uniformly
converges to a measurable function f : X — C if for every € > 0 there exists
E € M such that pu(FE°) < e and (f,)nen converges to f uniformly on E.

Proposition 1.5.1. If a sequence (f,)nen of measurable functions f, : X —
C almost uniformly converges to a measurable function f : X — C, then it
converges almost everywhere to f.

Theorem 1.5.2. (Egorov’s Theorem) Let u(X) < oo. Then a sequence
(fu)nen of measurable functions f, : X — C almost uniformly converges to a
measurable function f: X — C if and only if it converges almost everywhere

to f.

A sequence (f)nen of measurable functions f, : X — C converges in
measure to a measurable function f: X — C if

Tim o ({x € X||fulx) — f(x)] > }) =0

for every € > 0.
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Proposition 1.5.3. (i) If f, — f in measure and f, — g in measure,
then f = g a.e.

(i1) If f — f almost uniformly, then f, — f in measure.

(113) If W(X) < oo and f, — [ almost everywhere, then f, — f in measure.



CHAPTER 2

Positive Borel Measures

2.1 Topological Preliminaries

Let X be a topological space. A subset K C X is compact if every its
open cover contains a finite subcover. Thas is, if GG\ is open for all A € A
and K C UyeaG)y, then there exist A\i,..., A, € A such that K C U} ,G,,.

A topological space X is Hausdorff, if for every pair a,b € X of distinct
points there are a neighborhood U of a and a neighborhood V' of b such that
unv=40.

A topological space is locally compact if every its element has some com-
pact neighborhood.

Given a complex function f : X — C on topological space X, let its
support be the set supp(f) :={zr € X : f(x) # 0}. Let C.(X) be the set of
all complex continuous functions on X with compact support. The notation
K < f means that f € C.(X), K is a compact set, f : X — [0,1], and
f(z) = 1forallz € K. Similarly, the notation f < V means that f € C.(X),
V is an open set, f: X — [0, 1], and supp(f) C V.

Theorem 2.1.1. (Urysohn’s lemma) Let X be a locally compact Hausdorff
space. If K is a compact set and V is an open set with K CV C X, then
there exists f such that K < f < V.

Theorem 2.1.2. (Partition of unity) Let X be a locally compact Hausdorff
space. If K is a compact set and {Vy,...,V,} is an open cover of K, then

16



2.2 Riesz Representation Theorem 17

there are function hy, ..., h, such that h; <'V; for all i and Y, , hi(z) =1
forallz € K.

2.2 Riesz Representation Theorem

Let ¢ : C.(X) — C be a linear functional (i.e. a linear map). We say
that ¢ is positive if o(f) > 0 whenever f € C.(X) is a nonnegative function.

Theorem 2.2.1. (Riesz representation theorem of a positive linear functional
on C.(X)) Let X be a locally compact Hausdorff space and let ¢ : C.(X) — C
be a positive linear functional. Then there exist a o-algebra M on X that

contains all Borel sets in X, and a unique positive measure p on M such
that:

(1) o(f) = [ fdu for all f € Co(X);
(11) u(K) < oo for every compact set K C X;
(11i) w(E) =inf{u(V) : ECV,V is open} for all E € M;
(

() p(E) = sup{u(K) : K C E,K is compact} for all open sets E € M
and for all E € M with p(E) < oo;

(v) w is complete.

2.3 Regular Borel Measures

Given a topological space X, a positive measure is a Borel measure if it
is defined on a o-algebra that contains all Borel sets in X. A Borel measure
is regular if every Borel set satisfies

(i) w(E) =inf{u(V) : ECV,V is open} (outer regularity),
(i) u(E)=sup{u(K) : K C E, K is compact} (inner regularity).

A subset in a topological space is o-compact if it is a countable union of
compact sets.

A subset in a measure space is o-finite if it is a countable union of sets
with finite measure.

Theorem 2.3.1. Let X be a o-compact locally compact Hausdorff space. If
M and p are obtained from the Riesz theorem (for some positive functional
@), then:
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(i) If E € M and ¢ > 0, then X contains a closed set F' and an open set
V' such that F C E CV and u(V\F) < e.

(11) Measure u is reqular.

(iii) If E € M, then X contains a Fy-set A and Gs-set B such that A C
E C B and u(B\A) = 0.

Theorem 2.3.2. Let X be a locally compact Hausdorff space with the prop-
erty that every its open set is o-compact. Let X\ be a positive Borel measure
on X with the property that \(K) < oo for every compact set K C X. Then
A is a reqular measure.

2.4 Lebesgue Measure on R*

Let I ,15,...,I; be bounded intervals in R. We call a k-dimensional
hyperrectangle I1 X Is X - - - X I}, a k-rectangle. In the case intervals are all open
(resp. closed) I} x Iy X - -x I}, is an open k-rectangle (resp. closed k-rectangle).
Let 1(1) be the length of the interval I. Then vol(P) = 1(1y)I(13) - - - 1(1) is
the volume of k-rectangle I1 X Iy X -+ X Ij.

Theorem 2.4.1. There exists a o-algebra M on R* and a complete positive
measure m on N with the following properties:

(i) m(P) = vol(P) for every k-rectangle P.

(ii) All Borel sets in R* are members of M. Moreover, E € M if and only if
there exist a F,-set A C R* and Gs-set B C R* such that AC E C B
and m(B\A) = 0. Measure m is regular.

(111) Measure m is translation-invariant, that is, m(E+x) = m(E) for every
v €R* and E € M. Here, E+x:={e+x:e€E}.

(iv) If w is a translation-invariant positive Borel measure on R* such that
w(K) < oo for all compact sets K C R¥, then there erists a constant
¢ > 0 such that u(E) = c-m(E) for every Borel set E.

(v) If T : R* — R* is a linear map, then m(T(E)) = |detT| - m(E) for
all E € M. Here, detT" denotes the determinant of the corresponding
matriz with respect to some basis (which is equal in the domain space
and in the codomain space).

Measure m from Theorem 2.4.1 is the Lebesque measure on R¥. Members
of M are Lebesque measurable sets in R”.
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Theorem 2.4.2. Let —oo < a < b < oo and let f : [a,b] = R be a function.
Then f is Riemann integrable if and only if f is bounded and f is continu-
ous almost everywhere with respect to m. (Here, m is the restriction of the
Lebesgue measure in R to [a,b].)

2.5 Approximation of Measurable Functions
by Continuous Functions

Theorem 2.5.1. (Lusin’s Theorem) Let X be a locally compact Hausdorff
topological space. Assume that o-algebra M and measure p are obtained from
Riesz Theorem 2.2.1 (induced by some positive functional p). Let f : X — C
be a measurable function and A € M such that u(A) < oo and f(x) =0 for
all x € A°. Then for every e > 0 there exists g € C.(X) such that

p({ze X : flx)#g(x)}) <e

and sup,ex |9(2)| < supgex [f(2)].

Corollary 2.5.2. Let X be a locally compact Hausdorff topological space. As-
sume that o-algebra M and measure p are obtained from Riesz Theorem 2.2.1
(induced by some positive functional ¢). Let f : X — C be a measurable
function and A € M such that u(A) < oo and f(x) = 0 for all x € A°. If
there exists a constant M € (0,00) such that |f| < M, then there exists a
sequence (gn)nen of functions in C.(X) such that lim, o gn(x) = f(z) a.c.
and |g,| < M for all n.



CHAPTER 3

LP spaces

3.1 Convex Functions and Inequalities
Let —oo < a < b < oo. Function ¢ : (a,b) — R is convez if

e((L=XNz+Ay) < (1—Nep(z) + rp(y)

holds for all z,y € (a,b) and all \ € [0, 1].
Equivalently, ¢ : (a,b) — R is convex if

p(t) —pls) _ o) = (1)
t—s - u—t

holds for all a < s <t <wu < b.

Proposition 3.1.1. Let —oo < a < b < oo. A convex function ¢ : (a,b) —
R is continuous.

Theorem 3.1.2. (Jensen’s inequality) Let p be a probability measure on
(2, M), that is, p(Q) = 1. Let —co < a < b < oo. Assume that f € L'(u)
satisfies f(x) € (a,b) for allz € Q. Then each convez function ¢ : (a,b) — R

satisfies
@ (/Qfdu) < /QsDOde-

From Jensen’s inequality we can deduce:

20
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e (Discrete Jensen’s inequality) Let —oo < a < b < 0o and assume that
¢ : (a,b) = R is a convex function. If >°" | a; = 1, where a; > 0 and
x; € (a,b) for all i, then

@ (Z ozi:vi> < Zaisa(:vi)-

e (Inequality between weighted GM and weighted AM) Let >~ | a; = 1,
where «; > 0 and y; > 0 for all 7. Then

a1, 02

Yyt eyt <oy + oya + - ann.

e (Innequality between GM and AM) Let y1,...,y, > 0. Then

Vi+Y+ ...+ Yn
- )

JY1y2 - Yn <

e (Young’s innequality) Let p,q > 1 satisfy IlJ + % = 1. If x,y > 0, then

1 1
ry < —aP + —2%.
p q
Real numbers p, ¢ > 1 that satisfy %—i—% = 1 are conjugate exponents. Values
1 and oo are considered as conjugate exponents as well.

Theorem 3.1.3. Let % +$ =1, where 1 < p,q < co. If (X, u) is a measure
space and f,qg: X — [0,00| are measurable functions, then

/ fgdu < (/ fP d,u) </X g7 du) ! (Hélder’s inequality)

and

(/ (f+g)? du) ' < (/ f? du) p—i—(/ q° d,u) ’ (Minkowski inequality)
X X X

Remark. Holder’s inequality is called Cauchy-Bunyakovsky-Schwarz innequal-
ity in case p =2 = q.
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3.2 LP spaces

Let (X, u) be a measure space, f : X — C a measurable function, and

p € (0,00). The value
1= ([ 1rvan)’

is called the p-norm of f (it is not necessarily a norm). Momentarily we
define

LP(X, ) := {measurable functions f : X — C with || f]|, < co}.

Given a measurable function f : X — [0,00] let S := {a € [0,00)
p{zx e X @ f(z) > a}) =0} and let

inf S if
esssup(f) := {:; 5 ;gig

be the essential supremum of f. If S 2 (), then esssup(f) € S.
Given a measurable function f : X — C define the co-norm by

[ /lloo := esssup| f|

and momentarily let
L*°(X, p) := {measurable functions f : X — C with || f|le < c0}.

Theorem 3.2.1. If 1 < p < oo, then LP(u) is a vector space. For f,g €
LP(p) and A € C we have

LF+glly < 171+ Nlglls

and
[Afllp < IAL- (1 £]]p-

On LP(u) we define an equivalence relation ~ by
f~g<—= f=gae

Then the quotient set of equivalence classes LP(u)/ = {[f] : f € LP(n)},
where [f] := {g € LP(u) : g ~ f}, becomes a vector space for operations
[/1+1g] := [f + g] and A[f] := [Af], where A € C. Moreover, [[[f]ll, := [ fll»
is a norm on LP(u)/.

In the sequel we abuse the notation and denote LP(u)/ and [f] by LP(u)
and f, respectively.
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Recall that given a normed space X, a sequence (2, )nen in X is a Cauchy
sequence if for each € > 0 there exists ng € N such that ||z, —x,| < ¢ for all
m,n > ng. Kach convergent sequence is a Cauchy sequence. The contrary is
not necessarily true.

A normed space, possessing the property that each Cauchy sequence is a
convergent sequence, is a Banach space.

Theorem 3.2.2. If 1 < p < oo, then LP(u) is a Banach space.

Theorem 3.2.3. If 1 < p < 0o and (fn)nen s a Cauchy sequence in LP(u)
with limit f € LP(u), then there is a subsequence of (fn)nen that converge to

f a.e.
Theorem 3.2.4. If 1 < p,q < oo are conjugate exponents and f € LP(u),
g € Li(n), then f-g € L'(u) and || fglly < [[fll,llgllq-

Let s = Y ,_, axxa, be a simple function, that is, oq,..., o4 € C are
distinct and Ay := s !'({ax}). Then s € L>®(u). If 1 < p < oo, then
s € LP(p) if and only if p({z € X : s(z) # 0}) < oo. Let

8 := {simple functions s : X — C with u({z € X : s(z) # 0}) < oo}.
Theorem 3.2.5. I[f1 <p < oo. Then § is a dense subset in LP ().

Theorem 3.2.6. Let 1 < p < oo. If X is a locally compact Hausdorff
topological space and p is obtained from the Riesz’s Theorem 2.2.1, then
C.(X) is a dense subspace in LP ().

Remark. Recall that a completion of a metric space M is a complete metric
space N such that M is a dense subset in N. So, Theorems 3.2.2 and 3.2.6 says
that the completion of C.(X), equipped with the p-norm where 1 < p < o0,
is LP(p).

Let X be a locally compact Hausdorff topological space. We say that
f + X — C vanishes at infinity if for each ¢ > 0 there exists a compact
subset K C X such that |f(z)| < e for all z ¢ K. The vector space

Co(X) := {continuous functions f : X — C that vanishes at infinity}

contains C.(X). It is known that Cy(X) is a Banach space for the norm
given by
If]l = sup | f ()] (3.1)
zeX

It turns out that if X = R* is the Euclidean space, M is the Lebesgue o
algebra and p is the Lebesgue measure in R*, then the oco-norm and the
norm (3.1) equal on Cy(X).

Theorem 3.2.7. Let X be a locally compact Hausdorff topological space.
Then Co(X) is a completion of C.(X) equipped with the norm (3.1).



CHAPTER 4

Complex Measures

4.1 The Total Variation of a Complex Mea-
sure

Let (X, M) be a measurable space. At most countable family { £y, E», ...}
of members in M is a partition of 2 € M if

o [/ = UnEna
e ;N E; = whenever i # j.

A map pp : M — C is a compler measure if for each £ € M and for each
partition {E,}, of E we have

W(E) =3 w(E,). (4.1)

Remark. In (4.1) it is assumed that the series converges. By ‘permuting’
the members of a partition we obtain the same partition, so the sum (4.1)
does not depend on the order of summation. Consequently, the series (4.1)
converges absolutely.

Remark. Finite positive measures are examples of complex measures.

24
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Given a complex measure g, the map |u| : M — [0, 00|, defined by

|p|(E) := sup {Z |n(En)| © {En}n is a partition of E} :

is the total variation of p.

Theorem 4.1.1. The total variation |u| of a complex measure i on a mea-
surable space (X, M) is a positive measure on (X, M).

Remark. The total variation is the smallest positive measure A that satisfies
|u(E)| < A(E) for all E € M.

Theorem 4.1.2. The positive measure |u| is finite, that is, |p|(X) < oco.

The set of all complex measures on a measurable space (X, M) form a
vector space for the operations (p+ A)(E) := u(E) + A(E) and (c- p)(E) =
c-u(E), where E € M and ¢ € C. Moreover, it is a normed space, where the
norm is given by ||u|| := |u[(X).

If 1 is a real measure, that is, a complex measure with the image in R,
then we define positive part and the negative part of pu by

+._

1 ([pe] + p)

N | —

and

N —

poo=

respectively. Obviously, © = pt — p~ and |pu| = pt + p~. Consequently,
since |u(E)| < |u|(E) for each E € M, we deduce that ™ and p~ are finite
positive measures.

4.2 Radon-Nikodym Theorem

Let i1 be a positive measure on a o-algebra M and let A be a complex
measure on M. We say that \ is absolutely continuous with respect to p, if
E € M satisfies A(E) = 0, whenever p(FE) = 0. In such a case we write

AL .

A complex or a positive measure \ is concentrated on A € M if A(E) =
AMENA) for all E € M, or equivalently, if A(F) = 0 whenever £ € M
satisfies £ C A°.
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Two complex or positive measures A\; and A\; on M are mutually singular,
if there are two disjoint sets Ay, Ay € M such that A; is concentrated on A;
and Ay is concentrated on A,. In such a case we write

A L.

Proposition 4.2.1. Let M be a o-algebra, i a positive measure on it, and
A, A1, Ay complex measures on it. Then:

(i) If X is concentrated on A € M, then |\| is concentrated on A.
(11) If Ay L Ao, then |A1] L |Aol.

(111) If \y L pand Ny L p, then (A1 + A2) L p.

() If My < pand g < p, then (A + A2) < p.

(v) If X\ < p, then |\ < p.

(vi) If M < o and Ay L p, then Ay L Ay,

(vii) If N < p and X\ L u, then A = 0.

Lemma 4.2.2. Let p be a positive measure on measurable space (X, M).
Then u is o-finite if and only if there exists w € L'(p) such that w(z) > 0
forall xz € X.

Given a function h € L'(p), consider the complex measure

AE) ::/Ehdu (E e M). (4.2)

Then A < p. The function h is the Radon-Nikodym derivative of A\ with
respect to p. It is denoted by h = % and (4.2) is written shortly as dA = hdpu.

Theorem 4.2.3. Let M be a o-algebra, p a o-finite positive measure on it,
and A a complexr measure on it. Then:

(i) (Lebesgue decomposition) There exist unique complex measures A\, and

As on M such that

A=A+ As and Ay < i, As L .

(ii) (Radon-Nikodym) There exists a unique h € L'(u) such that

d\, = hdy.
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Remark. If p is a o-finite positive measure and A is a complex measure such
that A < u, then Theorem 4.2.3 implies that d\ = hdu. This special case is
usually referred as the Radon-Nikodym theorem.

Theorem 4.2.4. Let M be a o-algebra, p a positive measure on it and \ a
complex measure on it. The following two statements are equivalent.

(1) A< p;

(ii) For every ¢ > 0 there is some 6 > 0 such that |A\(E)| < € whenever
u(E) <9 and E € M.

Corollary 4.2.5. Let ji be a positive measure on M and f € L*(u). Then for
every € > 0 there is some § > 0 such that [, |f|dup < e whenever p(E) < 0
and E € M.

Theorem 4.2.6. (Polar decomposition of a complex measure) Let p be a
complex measure on M. Then there is a measurable function h on X such
that |h(z)| =1 for all x € X and du = hd|p|.

Theorem 4.2.7. Let p be a positive measure on M and g € L*(p). If

A(E)z/Egdu (E M)

then
A(E) = /E gldp (B

Theorem 4.2.8. (Hahn decomposition of a real measure) Let p be a real
measure on M. Then there exist sets A, B € M such that AUB = X,
ANB=10, and

(E)=un(ANE)  (EeM)

L
w(E)=-p(BNE)  (EeM).



CHAPTER 5

Integration on Product Spaces

5.1 Product of Measurable Spaces

Let (X,8) and (Y,7T) be two measurable spaces. Given sets A € § and
B € T their cartesian product A x B is called a measurable rectangle. Let
8 x T denote the smallest o-algebra on X x Y that contains all measurable
rectangles. If £ = PLUP,U---UP,, where Py, P, ..., P, are pairwise disjoint
measurable rectangles, then E' is an elementary set.

A collection M of sets is a monotone class if the following two implications
hold:

AlgAgg"',AiEM - UAzEM,
=1

312322---,31-63\/[ — ﬂBlEM

i=1

So every o-algebra is a monotone class.
Foreach FEC X xY,xe€ X,andy €Y let

E,.={z€Y : (x,2) € E}

and
EY:={ze€ X : (z,y) € E}

be x-section of E and y-section of E, respectively.

28
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Proposition 5.1.1. If E € § x T, then E, € T for all x € X and EY € §
forallyeY.

Theorem 5.1.2. The o-algebra 8 x T is the smallest monotone class that
contains all elementary sets in X X Y.

For each complex function f: X xY — C, z € X, y € Y, define the
functions f, : Y — C and f¥ : X — C by f.(y) := f(z,y) and fY(x) :=
f(z,y), respectively.

Proposition 5.1.3. Let f : X xY — C be a & x T-measurable function.
Then f,. is a T-measurable function for all x € X, and fY is a S-measurable
function for ally € Y.

5.2 Product Measures

Let (X,8,u) and (Y,T,\) be two measure spaces, where both positive
measures g and \ are o-finite. Given Q € § X T denote

p(r) = MQs) and P(y) = MQ).

Theorem 5.2.1. Let (X,8,u) and (Y, T, \) be two o-finite measure spaces
and QQ € & x T. Then ¢ is a S-measurable function, ¢ is a T-measurable

function, and
/gpd,u:/g/zd/\. (5.1)
X Y

Remark. Equation (5.1) can be rewritten as

/){(/)/XQ(:c,y) d/\(y)> dp() —/Y(/XXQ(:c,y) dﬂ(m)) A\ ().

Let (X, 8, u) and (Y, T, A) be two o-finite measure spaces. For Q € § x T
define

(1 x N(Q) := /X AQ.) dp

Then p x X is a o-finite positive measure on & x T, which is called the product
measure of p and .

Theorem 5.2.2. (Fubini’s Theorem) Let (X,8,u) and (Y, T, \) be two o-
finite measure spaces and let f be a & X T-measurable function on X xX Y.
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(i) If 0 < f < o0, then () == [, fadX is a 8-measurable function on X,
Y(x) := [, fYdp is a T-measurable function on'Y, and

/ gpd,u:/l/zd/\: fd(px M. (5.2)
X v XxY

(i1) If f is a complex function and ¢*( fy | flo dX satisfies fx o du <
0o, then f € L'(u x \).

(iii) If f € L*(pw x N), then f, € LY(\) almost for all x, f¥ € L'(u) almost
for all y, ¢ € L'(u), v € L*(N\), and (5.2) holds.

Remark. Equation (5.2) can be rewritten as

/(/ff‘fi‘/‘M ) /(/f:vydu )d)\(y)

= f(,y)d(p < X)(z,y).

XxXY

The first two of the above integrals are iterated integrals, while the last one
is the double integral.

5.3 The Completion of a Product Measure

Let (X, 8, 1) and (Y, T, \) be two o-finite measure spaces, where p and A
are complete measures. Then p X A is not necessarily complete. Recall that
a completion of a measure is defined in Proposition 1.4.4.

Theorem 5.3.1. Let my, be the Lebesque measure on R¥, where k = r+s for
somer,s € N. Then my = (m, X mg)* is the completion of measure m, X m.

Theorem 5.3.2. Let (X,8, 1) and (Y, T, \) be two o-finite measure spaces,
where p and A are complete, and let f be a (8 x T)*-measurable function
on X xY. Then all conclusions of Fubini’s theorem (Theorem 5.2.2) hold,
except that f, is T-measurable almost for all x € X, so ¢ is defined a.e. on
X, and fY is 8-measurable almost for all y € Y, so ¢ is defined a.e. on'Y.
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