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1 Introduction

This is set of lecture notes on undergraduate course ” Permutation groups” at Faculty of Math-
ematics, Natural Sciences and Information Technologies of University of Primorska, Slovenia.
As this is an undergraduate subject, the material gives only introduction to Permutation
groups. The material presented in these lecture notes is collected from different sources,

books, lecture notes etc.



2 Preliminaries

2.1 Groups
In this section we review the background on group theory.
Definition 2.1. A group is a set GG together with a binary operation * such that:

(i) for every a,b € G, axb € G,
(i

)

) (Va,b,c € G) ax* (bxc) = (axb)x*c, (xis associative,);

(iii) there exists an identity element e € G, such that z xe = exx =z, Va € G;
)

(iv) given identity element e € G, for every element = € G, there exists its inverse z=1 € G,

1 1

such that zx 2z ™ =27 xxz = ¢, for all x € G.

If a subset H C G is also a group with the same binary operation * then we say that H is a
subgroup of G, and we write H < G.

Identity element in G will sometimes be denoted with 15 or simply by 1. To simplify the
notation, we usually write gh instead of g * h. We refer to the number |G| of elements in G
as the order of the group G.

If zxy = y*x then we say that x and y commute. If every pair of elements in G commutes,
then G is said to be abelian.

Exercise 2.2. Let GG be a group and H C G. Prove that H < G if and only if the following
three conditions hold:

(i) 1g € H;
(ii) Yhy,he € H, hihy € H,;
(iii) Vo € H, h~! € H.
Exercise 2.3. If H and K are subgroups of GG, then also H N K is a subgroup of G.

Definition 2.4. If H < G, then the right coset of H in G is the set of the form Hg = {hg |
h € H}. Similarly, left coset of H in G is the set of the form gH = {gh | h € H}.

Exercise 2.5. If Hg; and H gy are cosets, then either Hgy = Hgo or Hgy N Hgy = .
Exercise 2.5 implies that GG is a disjoint union of right cosets of H.

Definition 2.6. If H < G, then the indezx |G : H] of H in G is the number of cosets of H in
G.

It is now easy to see that for a finite group G, |G| = [G : H]|H|, and in particular the
order of H divides the order of G. This is known as Lagrange’s theorem.

Note that the possible converse of the Lagrange’s whould be the following: If n is a divisor
of |G|, then there exists H < G such that |H| = n. We will see latter that this does not hold.

If g is an element of a group G, the order of g is the least integer n > 1 such that g" = e,
if such n exists, otherwise we say that g is of infinite order. In finite group all elements have
finite orders.



If G is any group and S is a subset of G, then with (S) we denote the smallest subgroup
of G that contains S, and call it the subgroup generated by S. If S = {g1,92,...,9n} then

instead of ({g1,92,...,9n ) we simply write (g1, 92, ..., 9n)-
If a group G contains an element g such that G = (g), then we say that G is a cyclic

group.

Exercise 2.7. Let p be a prime, and let G be a group of order p. Prove that G is cyclic
group.

Definition 2.8. Let G be a group and let N < G. If g7'Ng = N for every g € G, then N is
said to be a normal subgroup of G, and we denote this with N <1 G.

Exercise 2.9. Prove that the following claims are equivalent:

(i) N is a normal subgroup of G;

(ii) gN = Ng for every g € G,
(iii) the set of all left cosets of N in G coincides with the set of all right cosets of N in G.
Exercise 2.10. Prove that in an abelian group every subgroup is normal.

Exercise 2.11. Let G be a group and H an index 2 subgroup of G. Prove that H is a normal
subgroup of G.

Exercise 2.12. Let G be a group and N; and Ny be two normal subgroups of G. Prove that
Ni N Ns is a normal subgroup of G.

Let G be a group and H, K < G. Let HK = {hk | h € H,k € K}. Set HK is not in
general a subgroup of G.

Exercise 2.13. If H and K are subgroups of G then we have that

[H||K]

HK| = .
| | |H N K|

Exercise 2.14. Let G be a group and H, K < G. If one of H or K is normal in G, then HK
is a subgroup of G.

Definition 2.15. If G is a group and N < G, then the factor group G/N is the group with
elements {Ng : g € G} and the group operation (Ng;) * (Ng2) = N(g192).

If G is a finite group, then |G/N| = |G|/|N|.
Exercise 2.16. Prove that the factor group defined in Definition 2.15 is indeed a group.

Definition 2.17. If G and H are groups, a homomorphism ¢ : G — H is a map ¢ from G
to H such that Vg, g2 € G:

©(g91 *c g2) = ©(g1) *1 ©(92), (1)

where ¢ is the group operation in G and *p is the group operation in H.



Exercise 2.18. Let ¢ : G — H be a homomorphism and let K < G. Prove that ¢(K) < H.

Definition 2.19. Let ¢ : G — H be a homomorphism and let ey denote the identity in H.
Kernel Ker(p) of ¢ is defined with Ker(¢) ={g| g € G,0(9) =en}.

Exercise 2.20. Let ¢ : G — H be a homomorphism. Prove that Ker(p) < G.

Definition 2.21. A bijective homomorphism ¢ : G — H is called isomorphism. If there
exists an isomorphism between G and H we say that G and H are isomorphic and write
G=H.

2.2 Cyclic and dihedral groups

Let n be a positive integer. With C,, we will denote a cylic group of order n, that is C,, = (a),
and a" = 1. It can be shown that any two cyclic groups of order n are isomorphic. The
following construction gives of cyclic group of order n will be useful later on.

Let Z, = {0,1,...,n — 1} be the set of residues modulo n. Then it is not difficult to see
that Z,, is a group with operation +,, that is addition modulo n. Identity element in this
group is 0, and = = —z (mod n). This group is cyclic and of order n.

For a positive integer n, dihedral group Ds, is generated by two elements p and 7, such
that p” = 1 and 72 = 1. The remaining elements in D,, are given with

DQTL = {17p7"'7pn_177—7p7—7"'7pn_17—}'

The operation in Dy, is given with

piap = it
preplT = ptiT
pirp =T

pirxpdT = pia,

Dihedral group Da, is isomorphic to the group of all symmetries of a regular n-gon. One
step rotation of the n-gon corresponds to the element p, and 7 corresponds to a reflection of
the n-gon.

2.3 Direct and semidirect product of groups

In this section we briefly present methods of constructing new groups from old ones. The first
and the simplest method is the direct product of groups.

Definition 2.22. Given two group G and Go, the direct product G1 x Go of G1 and G is
the group with elements {(g1,92) : g1 € G1,92 € G2} and the group operation is given with
(w1, 22) * (y1,92) = (711, T2Y2).

Exercise 2.23. Prove that G; x G as defined above is indeed a group.

Theorem 2.24. Let G be a group and let H and K be a subgroups of G. Then G is
isomorphic to the direct product of H and K if and only if the following three conditions
hold:



(i) H and K are normal in G;
(i) G=HK;
(i) HNK = {1},

Exercise 2.25. Determine which of the following groups are isomorphic: Zg x Zs3, Z¢, 74 X Zo,
Zs.

A generalization of the notion of direct product is the notion of semidirect product.

Definition 2.26. Let G be a group and let N and K be a subgroups of G. Then G is
semidirect product of N and K if and only if the following three conditions hold:

(i) N is a normal subgroup of G;
(i) G = NK;
(iii) NN K ={1g}.
We let N x K denote the semidirect product of N by K.

It is clear that every direct product is also a semidirect product, but semidirect product
does not need to be a direct product. To get a better understanding of the structure of a
semidirect product we first need to introduce some more terminology.

Definition 2.27. If G is a group then an automorphism of G is an isomorphism from G to
G. The set of all automorphisms of a group G is denoted with Aut(G).

Exercise 2.28. The set Aut(G) together with the operation of composition of functions is a
group.

Definition 2.29. Two elements x and y in a group G are said to be conjugate if there exists
an element g € G such that g~ 'zg = y. We often write g tzg = 29.

We can extend the notion of conjugate elements to the notion of conjugate subgroups. We
say that H and K are conjugate subgroups of G if there exists ¢ € G such that ¢~ Hg = K.
Again we will usually write H9 = g 'Hg. It is not difficult to see that the relation ”is
conjugate” is an equivalence relation in G. The equivalence classes of this relation are called

conjugacy classes.

Exercise 2.30. If G is a group and g € G, then the mapping ¢ : G — G defined with
o(x) = 29 is an automorphism of G.

The automorphisms given in previous exercise are called inner automorphisms.

Exercise 2.31. The set Inn(G) of all inner automorphisms of G is a normal subgroup of
Aut(G).

Exercise 2.32. Prove that N is normal subgroup of G if and only if ¢(N) = N for every
€ Inn(G).

Definition 2.33. A subgroup N of a group G is called characteristic if p(N) = N, for every
¢ € Aut(G). If N is characteristic subgroup of G we write N char G.



Exercise 2.34. If N char G then N < @G.
An important property of characteristic subgroup is the following:

Exercise 2.35. If G is a group and C and N are subgroups of G with C < N < ( such that
C char N and N < G then C < G.

We now go back to the semidirect product of two groups.

Theorem 2.36. Let N and H be a groups and ¢ : H — Aut(NN) be a homomorphism. Let
G be the set N x H with operation

(n1,h1) * (n2,ha) = (n1 - (hy ) (n2), hiha).
Then G is isomorphic to a semidirect product of N by H.

Proof. We identify N with the set {(n,1g) |n € N} and H with the set {(1x,h) | h € H}.
It is now clear that N N H = {1}. We leave as an exercise to the reader to verify that
the operation * in G is associative, that (1y,1p) is the identity element in G, and that

(n, 7)1 = (p(h) (1), n71).
To see that N is normal in G we observe that

(n,l)~H (', 1) (n,h) = (p(h)(n "), A1) (', 1) (n, h)
= (p(h)(n Ne(h)(n')), h )(n h)
= (p(h)(nHe(h)(n)p ( )(n),1)
= (p(h)(n"'n'n),1) €

It remains to prove that G = NH. Let g € G be arbitrary. Then by the definition of G,
it follows that 9= (n,h) for some n € N and h € H. It is now easy to see that ¢ = mh, where
n=(n,1) and h = (1,h). O

We are now going to show how the dihedral group Ds,, can be constructed as the semidirect
product of groups C,, and Cy. Let N = (p | p* = 1) and H = (7 | 72 = 1). In order to
construct a semidirect product of groups N and H, we need a homomorphism ¢ : H —
Aut(N). Let ¢ be defined with ¢(1g) = idy and ¢(7) = ¢y, where idy stands for identity
map in N that is idy(z) = ¢ (Vo € N) and ¢y stands for the inversion map in N, that is
iy(z) =271 (Vz € N).

Exercise 2.37. Prove that ¢ defined as above is indeed a homomorphism that maps H to
Aut(N).

Now using Theorem 2.36 we construct the group N x H = (), x (. We have that the
elements in the group N x H are given with N x H = {(p*,7%) :i € {0,...,n —1},k € 0,1}.
The group operation is given with

(0" 1m) = (P 1) = (- o(m)(p’),1u) = (07, 1n)
(o' 1m) * (o7, 7) (" e(m)(p),7) = (p"*,7)
(7)) = (P 1w) = (0" o(m)(P), 1) = (o', 7)
(') =00 7) = (o e(m)(P),1m) = (p' 7, 1n)



Exercise 2.38. Prove that the mapping ¢ : N x H — Ds,, defined with

o 1m) = '
o((p\7) = o

is isomorphism.

3 Symmetric group S5,

Let X be a nonempty set. A bijective mapping g from X to X is also called a permutation
of X. Let Sym(X) denote the set of all permutations of the set X. If X has size n, then
|Sym(X)| = nl.

Exercise 3.1. Let * be the binary operation on the set Sym(X) defined with
Vg,h € Sym(X) gxh=hog,

where h o g is the composition of the functions g and h, that is (h o g)(x) = h(g(x)). Prove
that Sym(X) together with operation * forms a group.

The definition of the operation % in Sym(X) means that for g1, g2 € Sym(X) the product
9192 is carried out by first applying ¢1 to x € X | and then g, to the image g;(x), that is we
are multiplying permutations from left to right.

In what follows we also write 29! for the image g;(x). Therefore we have 9192 =
(m91)92 for all x € X.

We denote the identity element of Sym(X) with idx. Let z € X and g € Sym(X). We
say that z is a fix element of g, or z is fixed by g if 29 = z. Otherwise, we say = is moved by
g.

Definition 3.2. A permutation group is any subgroup G of Sym(X) for some nonempty
set X.

We say G is a finite permutation group when X is a finite set. In this note we study
mostly finite permutation groups, and because of this every set is meant to be finite, unless
it is said otherwise.

Notation. We denote by S, the permutation group Sym({1,...,n}). We write id,, (or id
when 7 is understood from the context) for idyy . -

There are two common ways in which permutation groups can be written. First is the
two line notation for permutations, that was introduced by Cauchy. A permutation g of a set
X ={z1,x9,...,z,} is written in the following way:

g= ( x1 Z2 x3 e In—1 In )
g(@1) g(@2) g(xs) -+ glwn—1) g(zn)
The other notation is to write g € Sym(X) as a product of disjoint cycles.

Definition 3.3. A permutation g € Sym(X) is called a k-cycle if there exists distinct elements
x1,..., o in X such that # =z, and o) = x4 forall i € {1,...,k — 1}, and 29 = z for all
re X \{z1,...,zx}.



Notation. We denote by (x1 z2 ... z) the k-cycle g in Definition 3.3.

A 2-cycle is also called a transposition. Two cycles g1 = (21 ... x3) and go = (2] ... 2))
are disjoint if {z1, ...,z }N{z], ..., z;} = 0. Note that, this is equivalent to that gi1g> = g291.

Example 3.4. Let X = {0,1,2,3,4,5,6} and let g € Sym(X) be given with g(z) = 4z + 1
(mod 7). Then the permutation g can be written as

(00123456
9=\1 526 30 4
or as a product of disjoint cycles g = (01 5)(2)(643)=(643)(015)=...=(015)(364).

Observe that the order in which the disjoint cycles are written is not important.

Theorem 3.5. (Cyclic Decomposition) Every permuation g € Sym(X) can be written as
the product of disjoint cycles. Factorization is unique up to the order of factors.

Proof. Let n be the size of X. The proof is by induction on n. It is clear that for n = 1 the
claim holds. Suppose that the claim holds for every permutation of the set of size k, where
1<k<n-1.

Let 1 € X, and let r be the least positive integer such that ¢"(x1) = z1. Denote:

€2 = g(‘rl)a
r3 = g(w)= 92(901),
z, = glar1)=g"""(x1)

It is easy to see that z1,x9,...,z, are distinct elements in X. Let Y = X \ {z1,...,2,}. If
Y =0, then g = (21 z2... x,). On the other hand, if Y # (), then for every y € Y, we have
g(y) € Y. This means that gy, the restriction of g to Y is a permutation of the set Y. Since
Y| =|X| —r =n—1r <n—1, we use the induction hypothesis, and conclude that gy can
be written as the product of disjoint cycles. Let gy = co...¢, be the cyclic decomposition
of gy into the product of disjoint cycles. If we denote with ¢; = (z1 x2... x,) then we have
g = c1gy = C1C2...Cy, hence g is the product of disjoint cycles.

It remains to prove the uniqueness. Let g = ¢i¢2... ¢y = dids . .. dj, where ¢q, ... ¢y, (resp.
dy,...dy) are disjoint cycles of length at least 2. Let x € X. If & ¢; (Vi) then g(x) = x, and
therefore & d; (Vi). If € ¢; for some i, then g(x) # =. This means that « € d; for some j.
However, in this case g"(z) € ¢; and ¢g"(x) € d; for every r € Z. This implies that ¢; and d;
are the same cycles.

O

Corollary 3.6. Every permutation can be written as the product of transpositions.
Proof. 1t is clear that
(a1 ag ... ay) = (a1 az)(a1 as)... (a1 a;).

By Theorem 3.5 it follows that every permutation can be written as a product of disjoint
cycles. On the other hand, every cycle can be written as the product of transposition, hence
the claim holds. O

10



Remark 3.7. There might be many different ways of writing a permutation as a product of
transpositions. For example

(12345 = (15)(25)(35)(45),
(12345) = (12)(13)(14)(15),
(12345 = (23)45)(35)(21)(5 3)(1 4).

Theorem 3.8. Let g, h € Sym(X), such that g has as a cyclic decomposition
g=1(a1 ... ap)...(as ... an).
Then h~'gh has a cylic decomposition
htgh = (h(a1) ... h(a)) - (h(as) ... h(an)).

Proof. Let € {1,...,n}. Then x = a for some a; € {1,...,n}. Then the permuta-

)

tion (af,...,al) - (a®,...,a") maps z to af, where i’ depends only on the cyclic structure
(a1,...,ap) - (as,...,a,). Also,

)

thlgh _ (ah)hflgh _ (ag)h _ a?/ _ x(a?,...,aﬁ)~~~(a?,...,aﬁ)

7 i

and so h=lgh = (ak,...,a")---(a",... al). O

S rn

We call a cyclic decomposition of g to be maximal if it includes all possible 1-cycles. A
permutation g € Sym(X) has cyclic structure [cy,...,¢,] if a maximal cyclic decomposition
of g consists of ¢, number of k-cycles, where k € {1,...,n}. Note that, the equality ¢; 4+ 2co +
-+ 4+ nec, = n always holds. The following corollary of Theorem 3.8 is useful when studying
the conjugacy of two permutations.

Corollary 3.9. The permutations g; and go are conjugate in Sym(X) if and only if g; and
g2 have the same cyclic structure.

Proof. Theorem 3.8 implies that if g1 and g» are conjugate, then they have the same cyclic
structure. Conversely, let g1 and go have the same cycle structure. Then g; and g have the
cyclic decompositions:

g = (a1 ... ap)(@py1 o Qryy) ... (as ... ap)
gs = (bl br) (br+1 ...er)... (bs bn)

Define permutation h € Sym(X) with h(a;) = b; (Vi € {1,...,n}). It is now easy to see that
h='gih = g2 and therefore g; and gy are conjugate in Sym(X). O

Exercise 3.10. Let g1, g2 € S12 be given with their cyclic decompositions:

g1 = (135)(246)(7)(812)(9 10 11)
go = (1)(326)(745)(9811)(10 12)

Find permutation h € Si5 such that A= 'gih = go.

11



3.1 Alternating groups A4,

In this part we construct a subgroup of S, of index 2. We saw that any permutation can
be written as the product of transpositions. However, the number of transpositions is not
uniquely determine. On the other hand, we are now going to prove that the parity of the
number of transpositions for a given permutation is fixed.

Theorem 3.11. If a permutation g € S,, can be written as a product of r and s transpositions,
then r = s (mod 2).

Proof. Let g = ajas...a, = 155 ... 05 be the product of transpositions. Let

P=P(xy,...,z,) = H(xz —zj)

1<j

polynomial in z1,...,2,. For a € S, define a(P) = [[,_;(Za@) — Ta(j))- We claim that for
every transposition « it holds a(P) = —P.

Let a = (k 1) with k& < [. One of the factors in P is x; — x;, and its corresponding factor
in a(P) is x; — xp. All the factors of the form x; — z; (i,j & {k,l}) remain unchanged in the
polynomial a(P). All the remaining factors of P can be written as +(z; — xy)(z; — x;), where
the 4+ or — sign depends on the order of integers i, k,I. However, each factor of the form
x; — x, becomes x; — z; in a(P), and each factor x; — x; becomes z; — zj in a(P). This means
that the expression +(z; — xx)(x; — ;) remains the same in «(P). Therefore, a(P) = —P.

Since g = ajas. .., it follows that g(P) = (a1ag...a,)(P) = (—=1)"P. On the other
hand, since g = 51/2...0s, it follows that g(P) = (—1)*P. We conclude that (—1)"P =
(—1)*P, hence r = s (mod 2). O

Definition 3.12. A permutation g € S, is called even (odd) if g is the product of even
(odd) number of transpositions.

Exercise 3.13. Prove that a cycle of length & is even permutation if and only if k£ is odd.

Notation. We denote by Alt(X) the subgroup of even permuations in Sym(X). In the case
when | X| = n, then we denote by A,, the set all even permuations in S,,.

We show below that A,,n > 2 is in fact a subgroup of S,, of index 2 . The group A, is
called the alternating group of degree n.

Theorem 3.14. The set A,,,n > 2 of all even permutations is a subgroup of S, of index 2.

Proof. 1t is clear that id € A,,.

Let g,¢g € A,. The group S,, is generated by the set of all transpositions. Thus g = t1 - - - ..
and ¢’ =t} ---t., where r and s are even. Then gg’ = t;---t,t]---t., r + s is even, and so
gg € A,. Also, g7! =t,---t;, and so g~' € A,. We obtain that A,, is indeed a subgroup of
Sp. Then (1,2) ¢ A,. It is not difficult to see that the mapping g — (1,2)g, where g € A,,
is a bijective mapping from A,, to S, \ 4,. Thus |A,| = n!/2. O

Note that, since A,, has index 2 in S,,, A, < .5,,.
Exercise 3.15. Let n > 2, and let H = {id, (1 2)} be a cyclic subgroup of S,, of order 2.
Prove that S,, = A,, X H.

12



Exercise 3.16. Let g € S,, be a permutation and let [c1, ¢, ..., ¢,] be the cyclic structure of
g. Prove that ¢ is odd permutation if and only if

n/2

ZCQZ' =1 (mod 2).

i=1

Exercise 3.17. Write down all the elements of the groups A3 and Ajy.

Exercise 3.18. Prove that the group A,, (n > 3) is generated by the set of all cycles of length
3.

Exercise 3.19. Prove that A, has no subgroup of order 6. (Hint: Use Exercises 2.11 and
2.13).

Proof. Suppose that A4 has a subgroup N of order 6. Then N is an index 2-subgroup of Ay
and by Exercise 2.11 N is normal in A4. Let V = {id, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. Then
V' is a subgroup of A4 of order 4. Since 4 does not divide 6 and V is not subgroup of N, and
so N is a proper subgroup of V N. This implies that NV = A4. Now, using Exercise 2.13 we
obtain

NIV _6-4 _

INV| T 12

Since both N and V are normal in A4, it follows that N NV is also a normal subgroup of Ay.
However, the only subgroups of A4 of order 2 are of the form {id, (a b)(c d)}. Let g = (1 2 3).
Then (12)(34)9 =(23)(14),(13)(24)9=(21)(34) and (14)(23)9 =(24)(31), hence no
subgroup of order 2 in A4 is normal. O

INAV| =

4 Group actions

In this part we introduce the concept of an action of a group. The motivation behind this
concept is to study groups by representing them as permutation groups.

Definition 4.1. An action of a group G on a set X is a mapping f: X x G — X such that,
writing the image f((x,g)) as a9, the following properties hold.

Al. z'¢ =z for every z € X.
A2. 9192 = (291)92 for every x € X and for every g1, 92 € G.

Given an action of a group G on a set X, we will also say that G acts on X. The cardinality
| X| is called the degree of the action.

Example 4.2. Let G = R\ {0} be the group of nonzero real numbers under the multiplication,
and let X be the set of all vectors in R?. Then G acts on X via scalar multiplication, that is
(1,29, 23) = (921, g2, gx3), for (z1,22,23) € R and g € R\ {0}.

Example 4.3. Let G < Sym(X). Then G acts naturally on X with z9 = g(x), for v € X
and g € G.
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Example 4.4. Let GG be the group acting on a set X. Then G acts on the set X x X with

(z1,22)9 = (21, 29).

Theorem 4.5. Let G act on X and fix g € G.
(1) The mapping 7y : X — X, 7y :  — 27 is in Sym(X).
(2) The mapping p: G — Sym(X), p : g — 74 is a homomorphism.

(3) Let & : G — Sym(X) be a homomorphism. Then this homomorphism defines action of a
group G on the set X with 29 := ®(g)(z) = 22,

Proof. (1): Let z1,z5 € X such that my(z1) = my(z2). Then 2{ = 2. Axioms Al and A2

. -1 -1 1 —1 —1 1
imply (z§)7 " =29 =2, =27 and (29)9 =25 =29 = z5. From these 21 = 2, and

74 is an injective mapping. It follows that 7, maps 29" to x, hence 7, is also surjective, and
by this it is a bijective mapping.

(2): We need to prove that p(g192) = p(g1)p(g2) for every g1,92 € G. It is enough to
prove that p(g192)(z) = (p(g91)p(g2))(x), for every x € X. We have that p(g192) = 7g,g,, and
therefore p(g192)(z) = Tgyg,(x) = 29192 = (291)92. This can be further written as (z9')” =
(x”gl)ﬂ” = g7 792 and S0 Ty g, = Mg, Tgs,-

(3): Since ®(1g) = idy, it follows that axiom Al is satisfied. Since ® is homomor-
phism, it follows that ®(g1g2) = ®(g1)®(g2). This implies 29192 = g*(9192) = ;®(91)%(92) —
(x®@1))2(92) = (o192,

O

Definition 4.6. For an action of a group G on a set X we call the homomorphism p in
Theorem 4.5 the corresponding permutation representation of G on X. The degree of
an action (or a premutation representation) is the size of X.

Definition 4.7. By the kernel and image of an action of G on a set X we mean the kernel
and image, respectively, of the corresponding permutation representation p. We say that the
action is faithful if its kernel is trivial.

We illustrate the above definitions through the following example.

Example 4.8. Let G = D2 be the group of symmetries of a regular hexagon acting on its
points {1,2,3,4,5,6}. Let dy = 14, do = 25 and d3 = 36 be the three main diagonals of the
hexagon (order in which the points are written is not important, for example d; = 14 = 41).

Let X = {dy,ds,ds}. Prove that G acts on the set X via 71729 = z{xJ. Determine the image
and the kernel of this action. Is this action faithful?

Now we jump to a more theorethical example.

Theorem 4.9. Let G be a group, and let us take X to be G. Then G acts on X with
9 =xg9, x,9€G.

This action is faithful.
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Proof. We show first that we indeed have an action, i.e., the mapping defined above satisfies
Axioms Al and A2.

Al: For every z € X, z'¢ = xlg = .
A2: For every z € X and for every g1, g2 € G, 29192 = 2(g192) = (xg1)g2 = (29')%2.
Let g € G be in the kernel of the action. This means x9 = x for all x € X. But this just

means g = x for all x € X, hence g = 1, and the kernel is the trivial group. By definition,
the action is faithful. O

Exercise 4.10. Prove that a group G acts on G with 29 = g~ 'z, for z € G,g € G.

The permutation representation corresponding to the action of G in the previous theorem
is called the right regular representation of G. We illustrate the usage of the right regular
representation in proving that every group is isomorphic to a permutation group.

Theorem 4.11 (Cayley). Every group is isomorphic to a permutation group.

Proof. Let G be a group. Let G act on X = G via right multiplication. By Theorem 4.5,
it follows that p : G — Sym(X) is a group homomorphism (recall that p(g) = w4, and
mg(x) = xg for x € G). Then the image of G' under this homomorphism p(G) is a subgroup
of Sym(X). By the first isomorphism theorem, it follows that G/Ker(p) = p(G). Since by
Theorem 4.11 it follows that Ker(p) = {1g} it follows that G = p(G). O

In the following exercise we show how the group actions (that is permutation representa-
tions of abstract groups) can be useful in the study of group properties.

Exercise 4.12. If G is a group of order 4n + 2, then G has a subgroup of index 2.

Proof. Let p be the right regular representation of G. As p(G) = G (because that the action
is faithful), it is enough to prove that the image p(G) has a subgroup of index 2.

According to Cauchy Theorem G has an element g of order 2. Then p(g) = 7, has no fix
point (each cycle in the cyclic decomposition of p(g) is of the form (zzg).) Because of this
and that p(g) is of order 2, we obtain

P(Q) = (917 92) o (Gan+1, g4n+2),

where g1, ..., gant+2 comprise the whole group G. As p(g) is a product of 2n+1 transpositions,
p(g) is an odd permutation in Sym(G). Therefore, Alt(G)p(G) = Sym(G). Then

_ ARG - [p(G)] _ [Sym(G)| - |p(G))

|Sym(G)| = |Alt(G)P(G)| - ‘Alt(G) N p(G)‘ T 9. ‘Alt(G) N p(G)’ '

From this Alt(G) N p(G) is a subgroup of p(G) of index 2. .
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4.1 Orbits and stabilizers

In this part we introduce the two most basic concepts in connection with an action — the
orbits and the stabiliers.

Definition 4.13. Let G act on X, and let z € X. The orbit of G induced by x is the set
[s9 | g€ G},

Notation. We denote by 2@ the orbit of G induced by x. We will also sometimes write
Orbg(x) for the orbit of G induced by z.

Definition 4.14. Let G act on X, and let x € X. The stabilizer of z in G is the set
{9e G| 29 =z}

Notation. We denote by G, the stabilizer of z in G.
Example 4.15. Let X = Z;p = {0,1,...,9}, and let G = Aut(Zy) = Z;, acting naturally
on X. Calculate the stabilizers Gg, Gy, and orbits 0¢,1¢, 26
We have the following properties of orbits and stabilizers.
Theorem 4.16. Let G act on X and let z € X.
(1) The set of all orbits & form a partition of X.
(2) The stabilizer G, is a subgroup of G.

Proof. (1): Define the relation ~ on X as 21 ~ x5 if and only if 21 = 2§ for some g € G. The
relation ~ is an equivalence relation. The class of ~ which contains z is just the orbit ¢,
and so (1) follows.

(2): It is trivial that idx € G,. Let g1,92 € G. Then 2 =z, z = ngl, hence 91_1 € G,.
Also, x9192 = (291)92 = 292 = x, hence g192 € G, and (2) follows.

O
Proposition 4.17. Let G act on aset X, let g € G, x € X and let y = 29. Then
Gy =g 'G.g.
Proof.
G, = {(heG|y" =y}
= {heG| @) =a9
{
= {heG|29" =2}
= {heG|ghg ' €G,}
= {(heG|heg Gy}
97 'Gug.
O
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Theorem 4.18 (Orbit-stabilizer). Let G be a group acting on a set X. Then for every z € X
it holds |G| = |2 - |G|

Proof. Let € X be fixed. Define the set Q = {(g,y) € G x 2 | 29 = y}. We calculate the
cardinality of 2 with “double counting”. First, we obtain that

Q=) [{gy) eGxa® |y=a}|=> {yea®|y=a%} =) 1=]G|

geqG geqG geqG

Second, we obtain that

2 =>" [{g.n) eGxa | y=a9}| =D [geCGly=a%}

y€xC yexC
Let y € & be fixed. Then there exists h € G such that y = 2. Now we have
{geCly=a"t={geCla" =) ={geC|a" =z} ={g€C|gh™' € G} = (Cu)h.

Since |G,h| = |G|, it follows that

Q= Y |Gl = 2] - |G-

yexC

We conclude that || equals |G| = |2 - |G|, as required.

Example 4.19. The Cube has 48 symmetries.

Proof. We identify the vertices of the Cube by the numbers 1,...,8 as shown in Figure 1. The

Figure 1: The Cube

group of all symmetries of the Cube acts faithfully on its vertices, i.e., ont the set {1,...,8}.
Let us denote by G the image of this action. We have G < Sg, and the required number is
the order |G|.

We calculate |G| using OSL. Let us consider the orbit of G induced by 1 and the stabilizer
of 1 in G. According to OSL |G| = |1¢| - |Gy|. First, the orbit 1¢ = {1,...,8}. Second,
the stabiliser G has 6 elements, it is generated by (2,5,4)(3,6,8) and (2,4)(6,8). We obtain
|G| = [19] - |G1| = 8- 6 = 48. O
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We are now going to present two more important types of group actions. First is the
so-called conjugation action of G on G defined with

29 =g 'ag, z,9¢G.

Proposition 4.20. The conjugation action of a group G on G is well-defined group action.
For g € G, the orbit ¢ is the conjugacy class of ¢ in G. The stabilizer G is the centralizer
Ca(g) of g in G. The kernel of this action is the center Z(G) of G.

Exercise 4.21. Does group G act on G with

29 =grgt, x,9€G?

Next important example of group action is the so called coset action. Let G be a group
and H < GG. The coset action is the action of G on the set of right H-cosets in G defined
with

(Hx)? = Hxg, z,9 € G.

Proposition 4.22. The coset action is indeed an action. The stabilizer of Hz is Gg, =
x~'Hz. The kernel is Nyeqr ' Hz.

The kernel of the coset action is also called the core of H in G (notation: coreg(H)).

Exercise 4.23. Prove that coreg(H) is the largest normal subgroup of G which is contained
in H.

Exercise 4.24. Let G be a p-group, that is a group of order p¥, where p is a prime. Using
the conjugation action, prove that Z(G) the center of G, is non-trivial.

Exercise 4.25. Let G be a group, H < G, and let X = {gH | g € G} the set of all left cosets
of H in (. Check if the following are well-defined actions of G on X:

1. (zH)9 = gxH;

2. (zH)Y =g '2H.

4.2 Transitive, semiregular and regular group actions

Definition 4.26. Let G act on X. The action is transitive if it has only one orbits, and it
is semiregular if |G| =1 for all z € X. An action which is both transitive and semiregular
is called regular.

Example 4.27. Right regular representation of (G, that is the action of G on G given with
x9 = xg is regular action.

Proposition 4.28. Let G act transitively on X. Then cardinality | X| is a divisor of |G]|.
Proposition 4.29. Let G act transitively on X. Then G is regular if and only if |G| = | X].
Proposition 4.30. Let G be an abelian group which is transitive and faithful on the set X.

Then G is regular on X.
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Proof. Since G is transitive, it remains to prove that G is semiregular. Suppose that G is
not semiregular, that is, there exists z € X, such that G, # {1}. Since G acts transitively
on X, then for any z € X we have ¢ = X. Using Proposition 4.17 it follows that any two
stabilizers are conjugate. However, since G is abelian, it follows that all stabilizers are the
same. Then the kernel of this action is equal to ., which contradicts the assumption that
G is faithful. O

Exercise 4.31. Let p be a prime, and let G < S}, be transitive. Prove that there exists a
cyclic subgroup H of G, such that H is regular.

Exercise 4.32. Let G be a group. Prove that the direct product G x G acts on G with
zlo1:92) = 9, Y4g,. Prove that this action is transitive, and calculate the vertex stabilizer
(G x G)1. When is this action faithful?

Exercise 4.33. Let G act transitively on X and let H < G. Prove that G = G, H if and
only if H is transitive.

5 Blocks and primitivity

5.1 G-invariant partitions

Let a group G act on a set X. Group G acts naturally on the set P(X), of all the subsets of
X. For every S C X and for every g € G we define S9 = {29 | x € S}.

Exercise 5.1. Prove that G acts on P(X) with VS € P(X),Vg € G; S9 = {29 |z € S}.
Can this action be transitive?

Exercise 5.2. Let G = Djy act as the group of symmetries of a regular hexagon X =
{1,2,3,4,5,6}. Let G act on P(X). Calculate orbits {1}¢, {1,2}¢, {1,3,5}¢.

Definition 5.3. Let G be a group acting transitively on X. A nonempty subset B C X is
called block if for each g € G, either BY = B or BYN B = ().

Proposition 5.4. Let G act transitively on X. Then for every x € X, the set {z} is a block
for GG. Also the whole set X is a block.

Proof. Follows directly from the definition. O

Blocks X and {x} described in the previous Proposition are called trivial blocks. Any
other block is called non-trivial.

Exercise 5.5. Find all non-trivial blocks for the action of G = D13 on X ={1,2,3,4,5,6}.
Exercise 5.6. If B is a block for G, then BY is also a block, for every g € G.

Proposition 5.7. Let G act transitively on X, and let B be a block for G. Let B = {BY |
g € G}. Then B is a partition of X and G acts transitively on B with VC € B,Vg € G,
g:Cw— (Y.
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Proof. 1t is easy to see that GG acts on B and that this action is transitive. Suppose B is
not a partition of X. Since G acts transitively on X, it follows that for every x € X, there
exists B’ € B with x € B’. Let By, B € B be such that By # By and By N By # (). Then
By = B9 and By = B9 for some g1,92 € G. Let x € By N By. Then z = b{" and z = b3’

—1
for some by,by € B. This implies that bJ" = b3?, and therefore b{"?> = by. This implies that

—1 _ _
b?ng = by € BY1Y2 "N B and since B is block it follows that B99: = B. This implies that
B9 = B92 which contradicts the choice of By and By. We conclude that B is a partition of
X. O

Corollary 5.8. If B is a block for a transitive permutation group G on X, then |B| divides
| X.

Partition B is called G-invariant partition, or system of imprimitivity. The permuta-
tion group induced by the action of G on B is denoted with G/B. With fizg(B) we denote the
kernel of the homomorphism p : G — Sym(B), that is fizg(B) ={g € G | S9 = S,VS € B}.

Exercise 5.9. Prove that |G| = |G/B| - |fizq(B].

Exercise 5.10. Let G = Djs act on X = {1,2,3,4,5,6}. Let B = {1,4}. Prove that B is
block for G. Calculate B ={BY | g € G} and fizg(B). To which group is G/B isomorphic?

Exercise 5.11. Let G be a group acting transitively on X, and let B and C be two blocks
for G. If BN C # (), then BN C is also a block for G.

5.2 Primitive permutation groups

Definition 5.12. Let G act transitively on X. If G has only trivial blocks, then we say that
G acts primitively. If G has also non-trivial blocks, then we say that G acts imprimitively.

Exercise 5.13. Let G be a finite group, and let G act on GG with right multiplication. Find
all blocks for this action. When is this action primitive?

Exercise 5.14. Can a group G act primitively on some set X and imprimitively on some
set Y7 Hint: Let G = S5 acts on X = {1,2,3,4,5}. Prove that G acts primitively on X.
Consider also the action of S5 on S5 with right multiplication. Is this action primitive?

Definition 5.15. Let G act on X and let A C X. Then we define setwise stabilizer
Ga={g€G|A9= A} and the pointwise stabilizer G4 = {g € G | 29 = x,Vz € A}.

Exercise 5.16. Let G = S5 act on X = {1,2,3,4,5} and let A = {1,2,4}. Calculate G4 and
G(A).

Exercise 5.17. Let G act transitively on X and let A C X. Prove that both G4 and G4
are subgroups of G, and that G(4) < Ga.

Exercise 5.18. Let GG act transitively on X and let B be a block for G. Prove that Gp acts
transitively on B.

When considering blocks, it is natural to think about methods of constructing all possible
blocks for a given group action. The following theorem gives a method of constructing blocks.
We will see later that every block can be constructed in such a way.
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Theorem 5.19. Let G be a group acting transitively on X, and let x € X. Let H be a
subgroup of G such that G, < H < G and let B = 2. Then B is a block for G.

Proof. Suppose that B = ' is not a block, that is there exists ¢ € G such that B9 # B and
BINB # (. Let y € BN BY. Since y € B it follows that y = 2" for some h; € H. Since
y € BY it follows that y = (2"2)9 for some hy € H. This implies that y = 2" = (22)9 and
therefore x = thghfl. This implies that hgghfl € GG, < H, and therefore hgghf1 € H. Since
hi,ha € H it follows that g € H. But then BY = {(z")9 | h € H} = {z" | ' € H} = B. This
contradicts the choice of B. The obtained contradiction shows that B is a block for G. O

We saw in the previous theorem how we can construct blocks for G that contain x. Next
we show that every block for G can be constructed in such a way.

Theorem 5.20. Let G be a transitive group on X and let B be a block for G. Let = € B.
Then there exists H such that G, < H < G and B = z.

Proof. Let H = Gp. Then H is a subgroup of G. To see that G, < H let g € G. Then
29 = x, and therefore x € BN BY. Since B is a block for G it follows that B = BY. Therefore
g € Gp = H. Since H = G acts transitively on B, and x € B it follows that B = /. O

Corollary 5.21. Let G be a transitive group on a set X with at least two points. Then G is
primitive if and only if every stabilizer G, is a maximal subgroup of G.

Previous two theorems give us a method of constructing all blocks for transitive action
of a group G. However, in order to apply it, one needs to find all subgroups H such that
G, < H < @, which usually is not a simple task. A possible way how to avoid finding all
subgroups H lying between G, and G is the following.

Proposition 5.22. Let G be a group acting transitively on X and let z € X. Let {z},Oq,...,0f
be the orbits of G on X. Let B be a block for G that contains . Then B = {z} Ujc; O; for
some subset J C {1,...,k}.

Proof. Let B be a block for G and let © € B. Then B = z where G, is a subgroup of H.
Then every orbit of H is a union of orbits of G,. Hence the result follows. U

Observe that the claim in the last proposition holds only in one direction, that is, every
block for G that contains x is a union of orbits of G,. But it is not true that every union of
orbits of GG is a block for G.

Exercise 5.23. Let G = Djs acting on X = {1,2,3,4,5,6}. Then G3 = {id, (2 4)(1 5)}.
Orbits of G are {3}, O1 = {1,5}, O = {2,4} and O3 = {6}. Then B = {3} U O is not a
block for G.

Exercise 5.24. Let G < H < Sym(X). If G is primitive then H is primitive.

Proof. Let G be primitive and suppose that H is not primitive, that is there exits a non-trivial
block B € X for H. This means that B" = B or B" N B = () for every h € H. Since G < H,
it follows that BY = B or BYN B = (), for every g € G. This means that B is a block for G,
contradicting the assumption that G is primitive. ]

Exercise 5.25. Find transitive permutation groups G and H such that G < H < Sym(X)
such that H is primitive and G is not primitive.
Hint: Take H = Sy, and G = ((1 2 3 4)).
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5.3 Quasiprimitive permutation groups

We begin this section with the following important theorem, which gives us a common way
of construction G-invariant partitions.

Theorem 5.26. Let G < Sym(X) be transitive. If N < G, then the orbits of N form a
G-invariant partition of X.

Proof. Let z € X, and let B = 2 = {2" | n € N}, be the orbit of N that contains 2. We
claim that B is a block for G. Suppose that BY N B # () for some g € G. Let y € BN B.
This implies that y = 2™ and y = ™29 for some ni,ny € N. It follows that 2™ = x"29
and therefore x = z™9 M2 Observe that since N <1 G, it follows that Ng = gV, and hence
ng = gn’ for some n’ € N. We now have

BY={2"|neNW=1{2"|neN}t={z |n € N}={@@md ™ )9 |n/ e N}

1 1

Since N is normal in G it follows that nig™ n;lg =n1(9~ n;lg) = ng € N. Therefore,

1

BI = {(zm9 'm0 |/ € N} = {a™" |/ € N} = {a"" | 0" € N} = B.

This shows that B is a block for G and concludes the proof. U

Transitive groups without any nontrivial blocks formed as the orbits of normal subgroups
are called quasiprimitive groups.

Definition 5.27. Let GG be a transitive permutation group on a set X. Then G is said to be
quasiprimitive if every normal subgroup N of G is transitive on X.

Remark 5.28. If we talk about a group G acting transitively on set X, then we say that G
is quasiprimitive if every normal subgroup of G is transitive, or is contained in the kernel of
the action.

Corollary 5.29. Every primitive group is quasiprimitive.
The converse of the above corollary does not hold, as shown by the following example.

Exercise 5.30. Group S is quasiprmitive in its action on the conjugacy class (1 2)(3 4)%.
Prove that it is not primitive.

Exercise 5.31. Let n > 5 and let A, act on itself by right multiplication. Is this action
quasiprimitive? Is it primitive?

Theorem 5.32. Let G < Sym(X) be transitive and let B be a G-invariant partition. If there
exists H < @, such that B is formed by the orbits of H, then there exists a normal subgroup
N < G, such that B is formed by the orbits of N.

Proof. Let G < Sym(X) be transitive, and let B be a G-invariant partition formed by the
orbits of H < G. This means that B = {1 | z € X}. Let N = fizg(B). Since N is the
kernel of the homomorphism p : G — Sym(B) it follows that N < G. Observe that H < N.
Since H acts transitively on every B € B it follows that N also acts transitively on every
B € B. This implies that ¥ = 2V, for every € X. Hence, B is formed by the orbits of
N. O
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Theorem 5.33. Let G < Sym(X) be transitive and suppose that there exists an abelian
regular subgroup H of G. Then any G-invariant partition is formed by the orbits of a normal
subgroup of GG, and is also formed by the orbits of a subgroup of H.

Proof. Let B be a G-invariant partition. Then B is also an H-invariant partition. Since H is
regular and abelian, it follows that B is formed by the orbits of H; < H (see exercise below).
Now, since H; < H < @, using Theorem 5.32, it follows that B is formed by the orbits of a
normal subgroup N <1 G. This concludes the proof. O

Exercise 5.34. Let H be abelian group acting regularly on X, and let B be an H-invariant
partition. Prove that there exists H; < H such that B is formed by the orbits of Hy. Does
the same result hold if H is not abelian? (see Exercise 5.36)

Exercise 5.35. Let G < Sym(X) be transitive, and let B be a G-invariant partition such
that B consists of precisely two blocks. Prove that B is formed by the orbits of a normal
subgroup N <1 G. Does the same result hold if there are 3 blocks? (see Exercise 5.36)

Proof. Hint: Define N = fizg(B). Prove that B is formed by the orbits of N. O

Exercise 5.36. Let G = S5 acting on set X = {(1,2),(2,1),(1,3),(3,1),(2,3),(3,2)} with
(z,y)? = (29,y9). Prove that G acts regularly on X. Prove that the set B = {(1,2),(2,1)} is
block for G. Determine B = {BY | g € G}. Determine fixg(B). Prove that B is not formed
by the orbits of a subgroup of G.

Exercise 5.37. Let G be a transitive permutation group on set X with |X| = mp”, where
ged(m,p) = 1. Let N be a Sylow p-subgroup of G. Prove that p* divides the size of every
orbit of V.

Proof. Let P be a Sylow p-subgroup of G. Then |P| is divisible by p*¥ and |G|/|P] is not
divisible by p. Now use orbit-stabilizer property for G and P, and we have
Gl = |Gall®] = |Gallmp”] (2)
[Pl = |Psllz”] (3)

Now dividing (2) with (3) we obtain

|Gl |G| mp”

I

Therefore, |z el — mpP %] Gince P, <G, and 1% is not divisible by p it follows that |2
|P| [Pz 7|

is divisible by p¥. This concludes the proof. ]

Exercise 5.38. Let G be a transitive permutation group on a set X with X = mp, where
m < p. Suppose that B is a G-invariant partition with m blocks of size p. Prove that there
exists a normal subgroup N <1 G such that B is formed by the orbits of N.

Proof. Let P be a Sylow p-subgroup of G and let N = fizg(B). It follows that |G| =
|G/B| - | fixg(B|] = |G/B| - |N|. Observe that |G/B| < S,,, hence |G/B| is not divisible by
p (since m < p). We claim that P < N. Let p : G — Sym(B) be the homomorphism that
corresponds to the action of G on B. Then p(g) € G/B. Since p is homomorphism, it follows
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that the order of element p(g) in Sym(B) divides the order of g. This implies that the order
of p(g) is 1, and hence p(g) = id, which means that g € fizg(B). This proves that P < N.
Since by the previous exercise, orbits of P must be divisible by P, it follows that orbits of N
must be divisible by P, hence B is formed by the orbits of N. U

6 Permutation isomorphic and permutation equivalent

Definition 6.1. Let G < Sym(X) and H < Sym(Y). Then G and H are permutation
isomorphic if there exists a bijection f: X — Y and a group isomorphism ¢ : G — H such
that f(z9) = (f(x))?9 for all z € X and g € G.

Theorem 6.2. Let G, H < Sym(X). Then G and H are permutation isomorphic if and only
if G and H are conjugate in Sym(X).

Proof. Suppose that G and H are conjugate in Sym(X). Let f € Sym(X) be such that
f'Gf = H. Then it is clear that f : X — X is a bijection. Let ¢ : G — H be defined with
¢ : g flgf. Then ¢ is isomorphism. It remains to verify that f(z9) = (f(x))¥\9 for all
x € X and g € G. We leave the details for the reader.

Suppose now that G, H < Sym(X) are permutation isomorphic. Then there exists bi-
jection f : X — X and a group isomorphism ¢ : G — H such that f(z9) = (f(z))?9 for
all z € X and g € G. Then f € Sym(X). We claim that f~'Gf = H. Observe that for
any = € X it holds 29/ = f(29) = (f(z))?¥) = 2/¢). Therefore gf = fo(g) and hence
ftgf = o(g) € H. It is now easy to conclude that f~'Gf = H, as claimed. O

Theorem 6.3. Let G be a transitive group acting on X with G-invariant partition 5. Then
the action of G on B and the action of G on B’ are permutation isomorphic, for any two
B, B’ € B. Additionally, the action of fixg(B) on B is permutation isomorphic to the action
of fizg(B) on B'.

Proof. Let h € G be such that B" = B’. Define f : B — B’ with f(z) = z". Then f is
bijection. Define ¢ : G — Gp with ¢(g) = h~'gh. O

Definition 6.4. Let G be a permutation group acting on sets X and Y. The action of G on
X is permutation equivalent with the action of G on Y if there exists bijective mapping
f:X — Y such that f(29) = (f(z))Y for every x € X and every g € G.

Proposition 6.5. Let the action of G on sets X and Y be permutation equivalent. Then
these two actions are also permutation isomorphic.

Theorem 6.6. Suppose that the group G acts transitively on the two sets X and Y, and let
H be a stabilizer of a point in the first action. Then the actions are permutation equivalent
< H is the stabilizer of some point in the second action.

Proof. Suppose first that the actions of G on X and Y are permutation equivalent, and let
H = Gy, from some 29 € X. Then there exists bijection f : X — Y such that f(z9) = (f(x))?
for every z € X and every g € G. Let yo = f(z0). It is now straightforward to see that
H = Gy,.
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Suppose now that there exist 9 € X and yg € Y such that G, = G,,. We claim that f

given with
f@@g) = vt

is bijective mapping from X to Y. We first need to prove that f is well-defined. Let z{' = z{’.
This implies that gig5 e Gyy = Gy, and therefore yJ' = y¥*. This shows that the values
f(z3") and f(z?) are the same, hence f is well-defined mapping. Since G acts transitively on
Y it follows that the mapping f is surjective. It is also not difficult to see that f is injective,
hence f: X — Y is bijective mapping.

Finally, let x € X and g € G be arbitrary. It remains to prove that f(z9) = (f(z))9. Since
G is transitive on X, it follows that there exists go € G such that 23’ = z. Now

f@?) = f((@3")?) = (@) = g = W5") = f(af’)? = f(=x)7,
which concludes the proof. O
Corollary 6.7. Any two regular actions of a group G are permutation equivalent.

Theorem 6.8. Let G act transitively on X. Then this action is permutation equivalent with
the action of G on the right cosets of G, in G, for any z € X.

Proof. Let G act transitively on X, and let GG, be the stabilizer of some x € X. Consider the
action of G on the cosets of H = (G,. This action is transitive. Let ¢ € G the stabilizer of
coset H. Then Hg = H. This means that g € H. Hence Gy = H. Using Theorem 6.6 the
result follows. O

Theorem 6.9. Let G be a group and H, K < G. Prove that the actions of G on the cosets
of H and K are permutation equivalent if and only if H and K are conjugate subgroups in
G, or equivalently, there exists a € Inn(G) such that a(H) = K.

Proof. Suppose first that H and K are conjugate subgroups in G. Then H = ¢ 'Kg for
some g € G. Now the stabilizer of H in the action of G on cosets of H is Gy = H, and
the stabilizer of K in the action of G on the cosets of K is Gxg = K. Recall that by
Proposition 4.17, stabilizer of coset K9 = Kg is Gk4 = g 'Grg=9 'Kg=H =Gpy. We
conclude that the stabilizer of point H in first action is equal to the stabilizer of point Kg¢ in
the second action, hence by Theorem 6.6 the two actions are permutation equivalent.
Suppose now that the actions of G on cosets of H and K are permutation equivalent.
Then by Theorem 6.6, it follows that the stabilizer G is equal to the stabilizer G4 for some
coset Kg of K in G. It is clear that Gy = H. Let a € Ggy. Then Kga = Kg. This is
equivalent with gag~' € K, and therefore a € ¢ 'Kg. We conclude that Grg = g 'Ky.
Therefore, H = g~ 'K g, for some g € G. Hence H and K are conjugate subgroups of G. This
concludes the proof. O

Theorem 6.10. Let G be a group and H, K < GG. Prove that the actions of G on the cosets
of H and K are permutation isomorphic if and only if there exists ¢ € Aut(G) such that
p(H) = K.
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Proof. Suppose that the two actions are permutation isomorphic. Then there exists a bijective
mapping f from cosets of H to the cosets of K, and group automorphism « € Aut(G), such
that f((Hz)?) = (f(Hz))*9 for all 2 € G and g € G. Then f(H) = Kuxy for some
29 € G. Now choosing z = 1g and g = h € H we obtain f(H) = (f(H))*™. Hence
a(h) € Gy = x5 Kxg for every h € H, that is a(H) C x5 Kxzg. From it can be seen
that a(H) = z, 'K zo. Since conjugation by zq is an automorphism of G, it follows that
Jp € Aut(G) such that p(H) = K.
Suppose now that there exists ¢ € Aut(G) such that ¢(H) = K. For z € G let

f(Hz) = Ko(x).

We claim that f is bijection from right cosets of H into the right cosets of K. First we need
to establish that f is well-defined mapping. Suppose that Hx = Hy. Then xzy~! € H and
hence p(zy~!) € K. This implies that K¢(z) = Kp(y), hence f is well-defined. Similarly we
see that f is bijective.

It remains to prove that f((Hz)9) = (f(Hz))?¥ for all € G and g € G. We have

f(Hz)?) = f(Hzg) = Ko(x)p(g) = (Kp())?9) = (f(Hz)?9),
proving our claim. O

Corollary 6.11. Let G be a group and H < G, a € Aut(G) such that a(H) is not conjugate
to H in G. Then the action on right cosets of H and K = a(H) are permutation isomorphic
but not permutation equivalent actions.

Theoretically, we can now determine all transitive and faithful permutation representa-
tions of a group G up to either permutation isomorphism or equivalence. First we would need
to determine all core-free subgroups H of GG, as a faithful transitive permutation representa-
tion of G is the right coset action of G on a core-free subgroup. Inequivalent permutation
representations on the list can be identified using the outer automorphisms of G.

Example 6.12. Let G = S3. The complete set of representatives of the conjugacy classes of
subgroups of G is given by {id}, ((1 2)), ((1 2 3)) and S3. This gives us transitive represen-
tations of S3 of degree 6, 3, 2 and 1 (degree equals the index of a subgroup). The first two
actions are faithful.

Exercise 6.13. Consider the action of G = S5 on set X = {(1,2),(2,1),(1,3),(3,1),(2,3),(3,2)}
with (z,y) = (29,y9). Consider also the action of S3 on itself by right multiplication. Are
these two actions permutation isomorphic and permutation equivalent?

Exercise 6.14. Find up to equivalence all transitive actions of Sy.

Example 6.15. Let G = Sg and let H = {g € G | 69 = 6}. It is clear that H < G and that
H = S5. Let X be the set of all Sylow 5-subgroups of H. Observe that there are exactly 6
Sylow 5-subgroups in Sy, hence X = {Py, P,, P3, Py, P5, Ps}. Let group G (and also H < G)
act on the set X by conjugation. Since all Sylow p-subgroups are conjugate, it follows that
H acts transitively (and consequently also G' acts transitively). Let p be the permutation
representation of this action, that is p : G — Sym(X) be the corresponding homomorphism.
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We claim that this action is faithful. Let 7" be the kernel of this action, that is T =
{9 € G| p(g) = idx}. Then T is normal subgroup of G = Ss. It is now not difficult to
prove that T = {lg}. Namely, let P, = ((1 23 4 5)). If g € T, then P{ = Py, hence
(12345)9 =(12345)% for some k € {1,2,3,4,}. It is now not difficult to see that this
implies g € P;. Hence T < NY_; P, = {1¢}. Therefore p : G — Sg is injective homomorphism,
hence isomorphism. (We can think of p as of the outer automorphism of Sg). Now p(H) is
also a subgroup of Sg, and p(H) = S5. Observe that H and p(H ) are not conjugate subgroups
in Sg. Hence, the actions of G on cosets of H and p(H ) are permutation isomorphic, but are
not permutation equivalent.

7 Counting orbits

Definition 7.1. Let G be a group acting on a set X, and let g € G. Then with fizx(g) we
denote the set of elements of X fixed by g, that is fizx(9) = {r € X | 29 = z}. When the
set X is clear from the context we simply write fiz(g).

There is a simple relationship between the number of orbits of a finite group acting on
a finite set and the number of fixed points of its elements. A wide range of applications
in counting problems and combinatorics is based on elaborations of this relationship. The
theorem itself has a long history and is often referred to (inaccurately) as the ”Burnside
Lemma”; the simplest version is the following result.

Theorem 7.2 (Cauchy-Frobenius). Let G be a finite group acting on a finite set X, and let
m be the number of orbits in this action. Then

m = |—61¥| > fix(g).

geG

Proof. Define the set 2 = {(z,g9) € X x G | 29 = x}. We are going to count the number of
elements of €2 in two different ways. First suppose that the orbits of G are Xi,..., X,,. Then
we have

m

=" H(z.9) € X x G |29 =z}|. (4)

i=1
Suppose that € X; is arbitrary. Then {(z,9) € X; x G | 29 = z} = {z;} X G;. Recall that
by orbit-stabilizer property, we have |G,.||X;| = |G|. Hence we have

m m G m
|Q|=ZZ|Gx|zzz%=2|a|=m|a|. (5)
i=1 z€X; i=1zeX; ¢ i=1

On the other hand we have

1= H(w.9) € X x G |a? =a}[ =) |fia(g)l (6)

geG geG
Combining (5) and (6) the result follows. O

Corollary 7.3. If G is a finite transitive permutation group of degree n > 1 then G contains
an element with no fixed points.
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Proof. Since G acts transitively, we have that the number of orbits is m = 1. Then by
Cauchy-Frobenius theorem, we have |G| = >_ . [fiz(g)|. Since for 1¢ we have fiz(lg) = X
and | X| > 2, then it follows that there exists g € G, such that fiz(g) = 0. O

Exercise 7.4. If G is a transitive subgroup of 5,,, show that G has at least n — 1 elements
each of which fixes no point. Conclude that if G is any finite group, and H is a subgroup of
index n in G, then G has at least n — 1 elements which are not conjugate to elements in H.

Exercise 7.5. We are given 4 red beads and 2 blue beads, and we are making a necklace
out of these 6 beads. Two necklaces are different, if one cannot be obtained from another by
some symmetry of a regular hexagon. How many different necklaces we can make?

Proof. Let X be the set of all necklaces, including those that can be obtained from each other
by rotation or reflexion. Then 4 red beads can be placed in any 4 out of 6 given positions.
This means that red beads can be placed in (2) = 15 different ways. Once the red beads are
places, the positions for the blue beads are uniquely determined. Hence we have |X| = 15,
however, some elements in X correspond to the same necklace. The group of symmetries of
regular hexagon is D15. Two necklaces are different if and only if one cannot be obtained from
another by refexion or rotation, hence the number of different necklaces equals the number of
orbits of Djg acting on X, where G = D12 = ((123456),(12)(36)(45)). In order to use
Cauchy-Frobenius theorem, we need to determine |fix(g)|. These values are given below:

geG fix(g)| || 9€ G | fix(g)|
id 15 (16)(25)(34) |3
(123456),i=1,2,4,50 (26)(35) 3
(14)(25)(3 6) 3 (13)(4 6) 3
(12)(36)(45) 3 (15)(24) 3

(2 3)(1 4)(5 6) 3

Now using the Cauchy-Frobenius Theorem, we have that the number of orbits of G on X is

1
—(1 .3) =
12(5—!—7 3) =3,

and we conclude that there are 3 different necklaces. O

Exercise 7.6. How many different necklaces with 8 beads can be made if we are given 5 red
and 3 blue beads?

Exercise 7.7. Let the nodes of square be colored with either red, blue or green. Two such
colored squares are considered to be the same, if one can be obtained from another by rotations
and reflexions. How many different coloured squares are there?

Definition 7.8. Let X; = (V4, E1) and Xo = (Va, E3) be two graph. We say that a function
f Vi — Vs is an isomorphism if it is bijective and Yui,v; € V; it holds {uj,v1} € Ey
{f(u1), f(v1)} € Ey. Graphs X; and X3 are called isomorphic if there exists an isomorphism
between them.

Exercise 7.9. Prove that there are 11 non-isomorphic graphs with 4 vertices.
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Proof. Let G(4) be the set of all graphs with vertex set V' = {1,2,3,4} (including also iso-
morphic graphs). Then |G(4)| = 26 = 64. Let Q = {{i,j} | 1 <i < j < 4}. We can think of
2 as the edge set of complete graph. Let P(£2) denote the power set of €, that is, the family
of subsets of Q. The function F : G(4) — P(Q2) defined with F(X) = E(X) (where E(X))
denotes the edge set of X € G(4) is bijective function. Suppose we are given two graphs
X1 = (V,Ey) and X9 = (V, E3). Then X; and X5 are isomorphic if and only if there exists
permutation g € Sy such that g(F;) = F3. This implies that the number of non-isomorphic
graphs with 4 vertices equals to the number of orbits in the action of G = S4 on the set P(Q2).
Using Cauchy-Frobenius theorem, it follows that the number of orbits is

1
i Z | fizpa)(9)]-

gESy

For a permutation g € Sy let ¢® denote the corresponding permutation of Q. Let ¢(g)
denote the number of cycles in the cyclic decomposition of g(). Then it is not difficult to see
that |fizp)(9)] = 2¢9) . Observe that if two permutations ¢ and gs in S, have the same
cyclic structure (that is they are conjugate), then g§2) and gé2) have the same cyclic structures.
Now calculating the numbers of cycles in ¢ for all representatives of conjugacy classes in Sy

gives us the desired result. ]

Exercise 7.10. Let V = {1,...,n}, let Q@ = {{i,j} | 1 <i < j < n}, and let P(Q) = {E |
E C Q}. For g € S, let g® denote the induced permutation of  and let ¢(g) denote the
number of cycles in cyclic decomposition of ¢(®). Prove that the number of non-isomorphic

graphs of order n is
1 c(g)
. > 29,

’ gESn

Exercise 7.11. Determine the number of non-isomorphic graphs with 5 vertices.

Definition 7.12. Let V be a finite set, and let P(V') denote the power set of V. Hypergraph
H = (V,€) is given with the vertex set V and the hyperedge set & C P(V) \ {#}. Two
hypergraphs H; = (V1,&1) and Ha = (V3, &) are said to be isomorphic if there exists bijective
function f: V3 — Vs such that f(&) = &.

Exercise 7.13. Determine the number of non-isomorphic hypergraphs with n vertices, for
n € {3,4}.
7.1 Cycle index of permutation group

Definition 7.14. Let G < Sym(X), where X is a finite set of size n, and let ¢ € G. Let
[c1(g),--.,cn(g)] be the cyclic structure of permutation g, that is, cx(g) denotes the number
of cycles of length k in the cyclic decomposition of g. The cycle index Z(G) of permutation
group G is the polynomial

1 C C
Z(Q) = @ lel(g) -x22(g) o xfl"(g)
gelG

Exercise 7.15. Calculate Z(S3).

29



Exercise 7.16. Calculate Z(Sy).

Exercise 7.17. Prove that Z(C,,) = %Zd‘n @(d)xg/d.

(n_l)/2, n odd,

1T
Exercise 7.18. Prove that Z(D,,) = 22 (n—2)/2 n/2
(mlxz + 4 ) , N even.

D=
= N

s+

Exercise 7.19. Prove that
1 n
Z(Sy) = EEE——

where the summation is over all integer partitions (c) of n.

7.2 Polya enumeration theorem

The result we are going to present now, and is usually referred to as Polya enumerations
theorem, was first published by John Howard Redfield in 1927. In 1937 it was independently
rediscovered by George Polya, who then greatly popularized the result by applying it to many
counting problems, in particular to the enumeration of chemical compounds.

Let X be a finite set and let G < Sym(X) be a group of permutations of X. The set
X may represent a finite set of beads, and G may be a chosen group of permutations of the
beads. For example, if X is a necklace of n beads in a circle, rotations and reflections are
relevant so G is the dihedral group Dy, of order 2n.

Definition 7.20. Let C be a finite set of colors. Let C¥ be the set of functions X — C, that
is C¥ is the set of all colorings of the set X with colors from C.

For f € CX, and for ¢ € G, we define an induced action of G on the set CX, with
f9= fog'. Two functions fi, fo € CX are called G-equivalent, if they belong to the same
orbit under the induced action of G' on CX, or more precisely, if there exists g € G such
that f1(g(x)) = fa(z), for every x € X. Polya’s enumeration theorem given below counts the
number of orbits in this action, or equivalently the number of non-equivalent colorings of the
set X with colors from C.

Theorem 7.21 (Polya enumeration theorem). Let X and C be finite sets, and let G <
Sym(X). The number of orbits in the induced action of G on the set C¥X is equal to Z(G)
with zy =... =2, = ... 2x) = |C].

Proof. By Cauchy-Frobenius theorem, it follows that the number of orbits is

|—é¥| S Ifizex (9))

geG

It remains to determine the size of fizox(g) ={f: X — C | fog~t = f}. Let f € fizcx(g).
Suppose that (z1 z2...xzk) is one cycle in the cyclic decomposition of g. Since fog = f, it
follows that f(z2) = (fog™')(z2) = f(g ' (x2)) = f(x1). Similarly, we conclude that f(z1) =

f(z2) = ... f(x). Therefore, all vertices in the same orbit of ¢ have the same image under
f. Since the number of possible images under f is |C|, it follows that |fizcox (g)] = |C|°9),
where ¢(g) is the number of cycles in the cyclic decomposition of g. O
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Exercise 7.22. For a given partition (¢) = (¢1,ca,...,¢,) of a positive integer n let

keg(
~(e) = ZL Jck—l-z k(e +chd7‘tcrct (7)
k r<t
The number of non-isomorphic graphs of order n equals

97(c)

Z Hk‘ckck"

(e)=(c1,-.
where the sum goes throughout all the partitions (¢) of n.

Exercise 7.23. Prove that the number of non equivalent colorings of regular 2015-gone with
5 colors is odd.

Proof. By Polya enumeration theorem, it follows that the number of non-equivalent colorings
is Z(D2.2015) with ©1 = ... = x9915 = 5. Since

1
Z(D2~2015)=m Z xil(g) xg2001155(9)
g€D2.2015

. We conclude that the number of non-equivalent colorings is even if and only if the value

Z 5c1(9)  5e2015(9)

g€D2.2015

is divisible by 4. However, sine 5 = 1 (mod 4) it follows that 5%) =1 (mod 4), and therefore,

Yoo sl = 3 1=4030=2 (mod 4).

g€D2.2015 g€D2.2015

8 Linear groups and affine groups

8.1 General linear group GL(n,F)

Let F be a field, and let n € N. We denote by F"*" the set of all n x n matrices A = (a;;)
such that all a;; € F. We denote by I,, the n x n identity matrix. We say that A is invertible
if there exits B € F"*" such that AB = BA = I,,, where (B is called the inverse of A and
written as A~1). Note that, A is invertible if and only if det(A) # 0.

Definition 8.1. The general linear group GL(n,F) with dimension n, is the group of all

invertible matrices in F"*".

The set of n-tuples (vy,...,vy,), all v; € F, form a vector space. This we also call the space
of row vectors with length n over the field F, this vector space we denote by F". Vectors
in F" are written as v = (vy,...,v,). Two vectors v = (v1,...,v,) and w = (wy,...,w,) are
added as

vtw= (vi +wi,. .., v+ wy),
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and v is multiplied by a,a € F, as av = (avy,...,av,). We denote by (vy,...,v,,) the vector

subspace generated by the vectors vy,...,v,,.

The group GL(n,F) acts on the set F™ as

(1, o) = (v1,...,00)A,  (v1,...,v,) €F?, A€ GL(n,F).

Theorem 8.2. The action of GL(n,F) on F" is faithful, and it has two orbits: {(0,...,0)}
and F™\ {(0,...,0)}.

Exercise 8.3. Prove that GL(2,F3) is isomorphic to Ss.

Exercise 8.4. Let F be a finite field with ¢ elements. Prove that
|GL(n,q)| = (¢" = D)(¢" = q) ... (¢" —¢" ).

8.2 Permutation matrices

Definition 8.5. Let g € S,,. The permutation matrix P(g) corresponding to ¢ is the
matrix A in F**" A = (a;;), such that

1 =)
% =3 0 otherwise

Exercise 8.6. Let g € S,,. Prove that g is even permutation if and only if det(P(g)) = 1 and
g is odd permutation, if and only if det(P(g)) = —1.

Note that, every permutation matrix P(g) is in fact in GL(n,F), as its determinant
det(P(g)) = £1.

Example 8.7. Let g = (1 34) and go = (3 4) in Sy. Then g1g2 = (1 4), and P(g1), P(g2)
and P(g1g2) are the matrices:

P(g1) = , Plg1g2) =

—ocoo

oo~ o

co o
=

5

S~—

Il
co o
oo~ o
—ocoo
o~ oo
—ocoo
oo~ o
o~ oo
=R=N=

We observe that last matrix equals the product of the first two ones. If (vy,vo,v3,v4) € F4,
then we have

(v1,v2, 03, v4) P(g1) = (v4, 02, v1,v3) = (Ugfl(l)a09;1(2)7Ugfl(g)vvgfl(zl))-
Theorem 8.8. (1) The mapping g — P(g) is a homomorphism from S,, to GL(n,F).

(2) If (v1,...,vn) € F", g € Sp, then (vi,...,vn)P(9) = (Vg-101)s - -+ Vg-1(n))-

— Yy
(3) If A€ GL(n,F), A = (a;j), then P(g)"'AP(g) = A’ = (ai;), where a;; = ag-13)g-1(j)-
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Proof. (1): Let g1,92 € Sy, and let P(g1)P(g2) = (pij). Then pi; = >33 P(g1)irP(92)k) is
in {0,1}, and p;; = 1 if and only if 9" = k and k92 = j, which is equivalent to i9'92 = j. Thus
P(gng)ij = pijl for all 7,5 € {1, ce ,n}.

(2): Let us write (z1,...,2,)P(g9) = (f,...,2,). Then &} = Y ") | 24 P(9)k;, hence
xj = wg, where k9 = i, i.e., ) = 2,-1(;).

(3): Because of (1) P(g)~' = P(¢~!), and

n

aj; = (P(gfl)AP(g))z‘j Z (Plg™A), Plghy = (P(g)A)i:Q’l(j)
k=1

= D P v arg1() = ag-16),6-1)-
k=1

Theorem 8.9. The center of GL(n,F) is the subgroup {al, | a € F,a # 0}.

Proof. Let G = GL(n,F) and let Z = {al,, | a € F,a # 0}. If n = 1, then G = Z, and the
claim is true. We assume that n > 2. It follows easily that Z is a subgroup of G. We denote
by Z(G) the center of the group G. For every A € G, (al,)A = aA, and A(al,) = aA, hence
Z <Z(@Q).

Let A € Z(G),A = (a;j). Then P(g7')AP(g) = A for all permutation matrices P(g).
Because of (3) in Theorem 8.8, a;; = ag-1(;)4-1(;) for all 4,5 € {1,...,n} and all g € S,,. Thus
we obtain that

a b - b
b a --- b
A= ,
bbb - a

Let B = (bj;) be the matrix, where b; = 1 for every i € {1,...,n}, bi2 = 1, and bj; = 0
for every 1,5 € {1,...,n},i # j and (i,5) # (1,2). As A € Z(G), AB = BA. Then
a+b=(AB)yy = (BA)2 = a. We obtain b = 0 and a # 0, so that A = al,, € Z. Thus
Z(G) < Z, and we obtain Z(G) = Z.

O

Exercise 8.10. Let P = {P(g) | g € Sn}, the set of all permutation matrices.
1. Prove that P is a subgroup of GL(n, F).
2. Prove that P is isomorphic to S,,.

Exercise 8.11. Let F be a finite field of order ¢, let Z = {al,, | a € F,a # 0}, and let P be
the subgroup of all permutation matrices in GL(n,F).

1. Prove that Z is isomorphic to Z,_1.
(Hint: Multiplicative group F* is cyclic of order ¢ — 1.)

2. Let G = (P,Z) < GL(n,F). To which group is G isomorphic?
(Hint: Both P and Z are normal subgroups of G.)
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8.3 Special linear groups SL(n,TF)

Let A and B two matrices in F"*". It is a fact in linear algebra that det(AB) = det(A) det(B).
Thus the mapping
¢: GL(n,F) — (F\{0},-) A+ det(A)

is a homomorphism from the group GL(n,F) to the multiplicative group of nonzero elements
in F. The kernel of the above homomorphism ¢ is a normal subgroup of GL(n,F) which
contains all matrices with determinant 1.

Definition 8.12. The special linear group SL(n,F) over the field F with dimension n is
the group of all n x n invertible matrices in F"*" with determinant 1.

Exercise 8.13. Prove that SL(n,F) is normal subgroup of GL(n,F).

The group SL(n,F) acts on the set F" as

(Ul,...,vn)A = (v1,...,00)A,  (v1,...,v,) €F", A€ SL(n,F).

Theorem 8.14. The action of SL(n,F) on F™ is faithful, and it has two orbits: {(0,...,0)}
and F™\ {(0,...,0)}.

Exercise 8.15. Let F be a finite field with ¢ elements. Prove that

|SL(n,F)| = (¢" = 1)(¢" —q) .. (a" —¢""")/(¢ = D).
(Hint: Use the fact that SL(n,F) is the kernel of homomorphism ¢ : GL(n,F) — F*, ¢: A —
det(A).)
Exercise 8.16. Let F = {0, 1,2, 3,4} be the field of size 5. Let z; = (3,4,5) and z2 = (1,2, 3).
Find an element A in SL(3,F) such that z{' = 5.

Exercise 8.17. Let G = SL(2,F3), where F3 = {0,1,2}. Let H = Gy ¢, be the stabilizer of

0 1

(1,0) in G. Determine the orbits of H. Let A = (2 0

). Determine the cyclic structure of

permutation induced by A.

Exercise 8.18. Determine which permutation matrices belong to SL(n,F).

8.4 Projective linear groups PGL and PSL

Let F be the finite field of order q. Groups GL(n,F) and SL(n,F) will be denoted by GL(n, q)
and SL(n, q).

Definition 8.19. Let U be a one-dimensional subspace of F". Set U \ {(0,...,0)} is called a
projective point. The set of all projective points is called projective space and is denoted
by PG(n —1,q).

Example 8.20. Let ¢ = 3 and n = 2. Then projective points in PG(1,3) are {(1,0),(2,0)},
{(1,1),(2,2)}, {(0,1),(0,2)}, {(1,2),(2, D}
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Theorem 8.21. Any two distinct projective points are disjoint. The number of projective
points in PG(n —1,q) is (¢" — 1)/(q — 1) and each projective point consists of ¢ — 1 vectors
from F™.

Theorem 8.22. PG(n — 1,q) is a complete block system for GL(n,q) and SL(n,q).

Proof. One dimensional subspaces are mapped by the elements of GL(n,q) into the one-
dimensional subspaces. Observe that intersection of two distinct one-dimensional subspaces
of F™ is {(0,...,0)}. The rest is left as exercise. O

Theorem 8.23. The kernel of the action of GL(n,q) on PG(n —1,q) is Z = {al | a € F*},
that is firgr(n,g(PG(n —1,9)) = Z.

Proof. Idea: Consider the stabilizer of (e;) = ((0,0,...,1,0,...,0)). O

Definition 8.24. The permutation group induced by the action of GL(n,q) on PG(n—1,q)
is called projective general linear group and is denoted by PGL(n,q). The permutation
group induced by the action of SL(n,q) on PG(n —1,q) is called projective special linear
group and is denoted by PSL(n,q).

Observe that PGL(n,q) and PSL(n,q) are transitive permutation groups of degree (¢" —

/(g —=1).
Corollary 8.25. PGL(n,q) = GL(n,q)/Z and PSL(n,q) = SL(n,q)/(Z N SL(n,q)).

Proof. Since the kernel of action of GL(n,q) (resp. SL(n,q)) on PG(n —1,q) is Z (resp.
ZNSL(n,q)), the result follows. O

Exercise 8.26. Prove that SL(n,q)NZ = {wl | w € F*,w"™ = 1}.
Exercise 8.27. Prove that |PGL(n,q)| = |GL(n,q)|/(¢ — 1) = |SL(n,q)|.

Exercise 8.28. Determine the cyclic structure of elements of PSL(2,3). Prove that it is
isomorphic to Ay.

Exercise 8.29. Prove that PSL(2,4) = PSL(2,5) = A5.

Exercise 8.30. Prove that PSL(2,9) = A6.

8.5 Semilinear groups I'L and XL

Let p be a prime, a ¢ = p® for some positive integer s. Let F be the field of order ¢q. Let
f :F — F me the mapping defined with f : z — 2P. Mapping f is automorphism of the field
F, and is called Frobenius automorphism of the field F.

Exercise 8.31. Let f be the Frobenius automorphism of the field F of order ¢ = p®. Observe
that f*(z) = 2P* for every positive integer k. For 2 = 0 it is clear that f¥(x) = 0. Since F*
is cyclic group of order p® — 1, it follows that 2P~ = 1, for every x € F*. Hence 2P" = x, for
every x € F, and therefore f* is the identity mapping. This shows that (f) is cyclic group of
order s.
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Example 8.32. Let f be the permutation of F”, induced by the action of f coordinate-wise,

that is f : (z1,...,7,) = (2,...,2}). Prove that (f) is cyclic group of order s. Determine

the set fizpn(f), of all fixed points in F™ by f.

Definition 8.33. Let f be the Frobenius automorphism of F. Let F : F"*" :— F"*" be
defined with F(A)ZJ = f(am-).

Example 8.34. Let p = 2 and s = 2. Let F = {0,1,a,1 + a} be the field of order ¢ = 22,
where 2z = 0 and a®> + a4+ 1 = 0. Let f be the Frobenius automorphism. Then the cyclic

decomposition permutation of F induced by f is (0)(1)(a, 14+ a). Let A = (1 j_ u (1)> Then

14+a 1
p= (110 )
Example 8.35. Let p = 2, s = 3, and let [F be the field of order 8, F = {\; +Xsa+A3a? | \; €

{0,1}} where a € F is such that a® —a — 1 = 0. Determine the generator of F*. Determine

2
1 j_ag 1 2 a>. Calculate F(A). Determine (a,a+ 1)F(4)

the cyclic structure of f. Let A = <
and (a,a + 1)?_1Af.

Theorem 8.36. Mapping F' is an automorphism of the group GL(n, q) (resp. automorphism
of the group SL(n,q)).

Proof. Let A € GL(n,q). Then det(A) # 0. Since det(F(A)) = F(det(A)) # 0, it follows that
F maps invertible matrices into invertible matrices. Similarly we see that F' maps SL(n,q)
to SL(n,q). Let A, B € GL(n,q). Then for every i,j € {1,...,n} we have

F(AB)ij = f((AB)ij) = f(O_ AwBrj) = Y _ f(Aw)f(Brj) = (F(A)F(B))i;.
k=1 k=1

This shows that F' is homomorphism. It remains to prove that F' is bijective. Let A € GL(n,q)
be such that F'(A) = I. Then f(A; ;) = 0; ;. However, since f is bijective mapping from F to
F, and f(0) =0, f(1) = 1, it follows that A = I, and hence F' is injective. Since GL(n,q) is
finite, it follows that F' is automorphism of GL(n,q). Similarly we see that F' is automorphism
of SL(n,q). O

Exercise 8.37. Prove that the order of F' as a permutation of GL(n,q) is s.
Define mapping ¢ : (f) — Aut(GL(n,q)) with o(f%) = F*.
Exercise 8.38. Prove that the mapping ¢ is homomorphism.

Recall that GL(n,q) acts faithfully on F". This means that GL(n,q) < Sym(F"). Also,
we have f € Sym(F"™)

Definition 8.39. General semilinear group I'L(n, g) is the subgroup of Sym(F") gener-
ated by GL(n,q) and f, that is I'L(n,q) = (GL(n,q), ).

Exercise 8.40. Prove that ' Af = F(A).

-
Hint: Prove that the images (z1,...,2,)"™ and (z1,...,2,)f 47 are the same.
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Theorem 8.41. Let ¢ = p® and n positive integer. Then
(i) GL(n,q) <T'L(n, q);

(i) TL(n,q) = GL(n,q) % (F).

(ili) TL(n,q)l=s-(¢"—1)(¢" —q)...(¢" — ¢"").

Proof. (i) To prove this, it suffices to prove that TilAT € GL(n,q), for every A € GL(n,q).
Since by Exercise 8.40 it follows that 7_1Af = F(A), and by Theorem 8.36 F' is auto-
morphism of GL(n,q) it follows that F(A) € GL(n,q). This proves (7).

(ii) It suffices to prove that GL(n,q) N (f) = {id}. Observe that fk fixes each of the
e; = (01,4,...,0pn4). Suppose that f¥ = A, for some A € GL(n,q). Then also A has to
fix each of e;. It is now easy to see that A = I.

(iii) Since |GL(n,q)| = (¢" — 1)(¢" —q)...(¢" — ¢ 1) and (f) = s, then by (ii) the result
follows.
O

Exercise 8.42. Prove that I'L(2,2) = Ss.

Similar to the case of general semilinear group, we can define special semilinear group.
Recall that SL(n,q) can also be seen as a subgroup of Sym(F™).

Definition 8.43. Special semilinear group EI_/(n, q) is the subgroup of Sym(F™) generated
by SL(n,q) and f, that is ¥L(n,q) = (SL(n,q), ).

Theorem 8.44. Let ¢ = p® and n positive integer. Then
(i) SL(n,q) <XL(n,q);
(i) XL(n,q) = SL(n,q) x (f).

(i) [BL(n,q)l =s-(¢" = 1(¢" —q)...(¢" —¢" 1) /(a—1).

8.6 Projective semilinear group PI'L

Recall that PG(n — 1,q) is the set of projective points, that is one-dimensional subspaces of
F" without (0,...,0).
Theorem 8.45. PG(n — 1,q) is a complete block system for I'L(n,q) and ¥L(n,q).

Proof. Since we already proved that PG(n — 1,q) is a complete block system for GL(n,q) it
suffices to prove that PG(n —1,q) are blocks for (f). Let 7 € PG(n —1,q). Then there exists
z € F*\ {(0,...,0)} such that 7 = {A\z | A € F*}. Then f(r) = {\f(z) | A € F*}, which is
also a projective point. O

Definition 8.46. The projective general semilinear group PI'L(n, q) is the permutation
group induced by the action of T'L(n,q) on PG(n —1,q).
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Definition 8.47. The projective special semilinear group PST'L(n, q) is the permutation
group induced by the action of ¥L(n,q) on PG(n —1,q).

Theorem 8.48. (i) PT'L(n,q) = T'L(n,q)/Z;
(i) PSTL(n,q) = XL(n,q)/(Z N SL(n,q))

Proof. Let K be the kernel of the action of I'L(n,q) on PG(n —1,q). It is easy to see that

Z < K. Since Tk fixes each vector with 0 and 1 entries, it is easy to see that TkA € K, implies
that A € Z. O

Exercise 8.49. Prove that PI'L(2,2) = S3
Exercise 8.50. Prove that PT'L(2,4) = S;.

Exercise 8.51. Let Tp be the permutation induced by f on PG(n — 1,q). Prove that Tp is
of order s.

Exercise 8.52. Consider the permutation group of PG(n — 1,q) induced by PGL(n,q) and
[p- Prove that

1. PGL(n,q) < (PGL(n,q),?p>;
2. <PGL(n’Q)57p> = PGL(naQ) X <fp>;

3. PTL(n,q) = (PGL(n,q), f,)-

8.7 Affine groups

Definition 8.53. Let A € GL(n,F) and b € F". Let ta; : F* — F" defined with t4; : x —
xA+b. Mapping t4 is called affine transformation of the vector space F".

Exercise 8.54. Prove that for every A € GL(n,F) and every b € F", t4 is a permutation
of F".

Exercise 8.55. Prove that tA1 b1t As by = AL Ag by Agtba-
Exercise 8.56. Prove that t4, 5, = ta,, if and only if A; = Ay and by = bo.

Proof. Suppose that t4, 5, = ta,p,- Then xA; + by = xAy + b, for every z € F". If
x = (0,...,0), this implies that by = be. Hence z(A4; — A2) = (0,...,0), for every x € F".
Using the last equality for z = eq, ..., e, it follows that A; = As. ]

Exercise 8.57. Prove that tzlb =1la-1_pa-1-

Definition 8.58. Let F be a field, n positive integer, then the general affine group
AGL(n,F) is the group of all permutations ¢4, that is

AGL(n,F) ={tap | A€ GL(n,F),b € F"}.
Theorem 8.59. Group AGL(n,F) acts faithfully and transitively on F". Stabilizer of a point
is isomorphic to GL(n,F).
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Proof. Since GL(n,F) is a subgroup of AGL(n,F) it follows that AGL(n,F) acts transitively
on F". By Exercise (8.56) it follows that the action is faithfull, namely the only element in
the kernel is 5, o.

Let H be the stabilizer of 0 = (0,...,0) € F” in the action of AGL(n,F), that is H =
{tap | 04 = 0}. We have t4,(0) = 0, if and only if b = 0, hence H = {tao | A €
GL(n,F)} = GL(n,F). This concludes the proof. O

Corollary 8.60. If I is a finite field of order ¢ then
|AGL(n,F)| = |GL(n,q)|q" = ¢"(¢" = 1)(¢" —q) .- (¢" — ¢"71).

Definition 8.61. Let F be a field, n positive integer, then the special affine group
ASL(n,F) is the group of all permutations ¢4 3, where A € SL(n,[F) that is

ASL(n,F) = {tay | A€ SL(n,F),b € F"}.

Exercise 8.62. Let T'= {t;; | b € F"}. Prove that T is a normal subgroup of AGL(n,F).
(T is called the group of all translations.) Prove that 7T is a regular subgroup of AGL(n,F).

Theorem 8.63. Let F be a field and n positive integer. Then
(i) AGL(n,F) 2T x GL(n,F);
(ii)) ASL(n,F) =T x SL(n,TF)

Proof. Let H be the stabilizer of point (0,0,...,0). We already saw that H = GL(n,[F).
Since T is a transitive subgroup of AGL(n,F), it follows that TH = AGL(n,F). Moreover,
since T' is a normal subgroup of AGL(n,F), and H NT = {t; o}, (7) follows. Similarly, (i7)
follows. O

Definition 8.64. Let A € GL(n,F) and b € F" and let 0 € Aut(F). Let t4 5, : F* — F" de-
fined with ¢4 4 » : © — o(x)A+b. Mapping t4 ;. is called affine semilinear transformation
of the vector space F".

Exercise 8.65. Prove that the product of two affine semilinear transformations is an affine
semilinear transformation. Prove that t, p, o = A, 00,0, if and only if A; = Aa, by = by and
g1 — 09.

Proof. We leave to reader to verify that the product of two affine semilinear transformations
is an affine semilinear transformation. It is also clear that A1 = As, by = by and o1 = o9
implies tAl’bl’Jl = tA2’b2’02.

Suppose now that t4, p,.0, = tAy by, holds. It follows that oy (x)A1 + by = oa(x) Az + b,
for every z € F". Choosing = = (0,...,0), it follows that by = by. Let x = e;. Since
o1(e;) = oa(e;) = e, it follows that A; = As. This implies that (o1(x) — o2(z))A; = 0, for
every x € F™. Since A; is invertible, it follows that oi(x) — o2(x) = 0, for every z, hence
01 = 09. This concludes the proof. O

Definition 8.66. Let F be a field, n positive integer, then the affine semilinear group
AT'L(n,F) is the group of all permutations t4 ., that is

ATL(n,F) ={tapo | A€ GL(n,F),b € F", 0 € Aut(F)}.
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Theorem 8.67. AT'L(n,F) is a transitive and faithful permutation group of F". Stabilizer
of a point is isomorphic to I'L(n, ).

Proof. 1t is clear that AT'L(n,F) acts transitively. By Exercise 8.65 it follows that the action
is faithful. Let H be the stabilizer of point (0,...,0). Then H = {t40, | A € GL(n,F),0 €
Aut(F)}. Tt is now easy to see that H = I'L(n,TF). O

9 Wreath product

Definition 9.1. Let A and B be two finite groups and suppose B acts on the set {1,...,n}.
We define the wreath product of A and B with respect to this action, to be

AwrB .= A" x B

where the top group B acts on the base group A" by

1
O = (agp, .y an)

(a1,...,ap)
for all (ai,...,an) € A" and b € B.

Exercise 9.2. Show that the action of the top group B on the base group A™ given in the
definition above is well-defined.

Observe that the definition of wreath product AwrB implies that the product in this
group is given with

((a1,...,an),b) * ((ay,...,a,),b") = (md), ..., anal,), bb")

Example 9.3. Let A be any group, B = {0,1} = Zs, and B acts on {1,2} with 1° = 1,
20 =2 11 =2 2! = 1. Then we have

((a17 a2)7 0) * ((allv a/2)7

((a17 a2)7 1) * ((allv a2)7

((a1a}, azay), x)

x
) = ((ardhy,asa)), 1+ x)

The group AwrB is defined as abstract group. There are two important permutation
groups associated with this abstract group, and we study them in the following two subsec-
tions.

9.1 Imprimitive wreath product

Suppose that a group A acts on a set X, and B acts on a set N = {1,...,n}.

Definition 9.4. The imprimitive action of AwrB on X x N, defined by
(i) (er008) — (g, )
for all (z,7) € X x N and all ((aq,...,an),b) € AwrB.

Example 9.5. For i € {1,...,n} let X; = X x {i}. Prove that X; is a block for AwrB.
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Proof. Let g = ((a1,...,a,),b) € AwrB be such that X N X; # 0. It is now clear that i® = b.
Therefore X7 = X,. O

Example 9.6. Let X = {a,b,c} and let A = Sym(X). Let n = 2, N = {1,2} and B =
Sym(N). Consider the action of AwrB on X x N = {(a,1),(a,2),(b,1),(b,2),(c,1),(c,2)}.
Let p=(abc) and 7 = (a b) € Sym(X). Then

((p;p)yid) = ((a,1) (b,1) (¢;1)) ((a,2) (b,2) (c,2))

((p,7)yid) = ((a,1) (b,1) (¢, 1)) ((a,2) (b,2))

((,p),id) = ((a,1) (b,1))((a;2) (b,2) (c,2))
((p,7),(12) = ((a,1) (b,2))((a,2) (b;1) (¢,2) (¢, 1
((1,0),(12)) = ((a,1) (b:2) (¢, 1) (¢,2))((a,2) (b, 1)

The following theorem describes importance of imprimitive wreath product, and shows
that every imprimitive permutation group can be identified with a subgroup of impritive
wreath product.

Theorem 9.7. Let G be a transitive permutation group acting on €2 with G-invariant parti-
tion B. Let A be the stabilizer of a block X € B in G, and let B be the induced action of G
on B. Then G is permutation isomorphic to a subgroup of AwrB.

9.2 Primitive wreath product

The construction in the previous section showed how wreath products arise as imprimitive
groups. Wreath products also play an important role in the study of primitive permutation
groups, which we now describe.

Suppose that a group A acts on a set X, and B acts on a set N = {1,...,n}.

Definition 9.8. The product action of AwrB on X", is defined by

(21, - m) ) = (o530 o)
for all (z1,...,2,) € X™ and all ((ay,...,ay),b) € AwrB.
Exercise 9.9. Prove that the product action is well defined action.

Exercise 9.10. Let X = {xj,29,23}, A = Sym(X), N = {1,2}, B = Sym(N). Let
p = (r1 x2 x3) and 7 = (z1 x3). Write down the cyclic decomposition of ((p,idx),id) and

((p7), (1,2)).

Exercise 9.11. Prove that the product action of AwrB is faithful if and only if both actions
of A and B are faithful.

Exercise 9.12. Let A < Sym(X) and B < Sym(N) where N = {1,...,n}, and let G =
AwrB. Suppose that A has m orbits on X. Show that G has

1B| B\ > m
orbits on X x N, where ¢(x) denotes the number of cycles of x € B.
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Proof. Suppose that A has m orbits on X, let O = {O1,02,...,0,,} be the set of m orbits
of A on X. Consider now the action of A” on X" (that is (a1,...,a,) maps (z1,...,%n)
into (x7,...,2%). The number of orbits in this action is m™, that is orbits are elements
of the set O™. The definition of the product action of wreath product implies that element
((ay,...,ay),b) is the permutation obtained by first applying (a1, ..., a,) (as described above)
and then permuting the coordinates using b. This implies that each set of the form O;, x
Oi, X ... x Oy, is block for A B. It follows that the number of orbits of A! B on X" is
equal to the number of orbits when B acts on O™ by simply permuting the coordinates. To
calculate the number of orbits on B on O™, use Cauchy-Frobenius theorem, and observe that
an element b € B fixes exactly m€(b) elements from O™, that is for each cycle of b, the orbits
O; on the corresponding coordinates must be the same. O

Theorem 9.13. Suppose A and B are finite groups where A acts on a set X and B acts on
the set {1,...,n}. The wreath product AwrB acts primitively in product action on X" if
and only if B is transitive and A is primitive and not regular on X.

Proof. Let G = AwrB. Let T ={((a1,...,an),1B) | a; € A} = A" and By = {((14,...,14),0) |
b€ B} 2 B. Then G = TBy. Let x € X be arbitrary. Let L be the stabilizer in G of
(,...,z). Then L = {((a1,...,a,),b) | a; € A;,b € B}. By Corollary 5.21 G is primitive if
and only if L is maximal subgroup of G.

Suppose first that G acts primitively. Suppose that B is not transitive. Let S be an orbit
of B. Let M = {((a1,...,an),1B) | a; € Ay, fori € S, a; € Afori e {1,...,n}\ S}. Then
L < M By < G, and hence G is not primitive. If A is intransitive, then G is also intransitive.
Suppose now that A is transitive but imprimitive. Then there exists A’ < A such that
A, < A" < A. The subgroup {((ai,...,a,),b) | a; € A’,b € B} lies strictly between L and
G, contradicting the assumption that G is primitive. Finally, in the case when A is regular,
the subgroup D = {((a,...,a),1p) | a € A} is normalized by By and then L < DBy < G, a
contradiction.

Suppose now that B is transitive, and A is primitive but not regular. Clearly, T is
transitive, hence G is transitive. Thus it is enough to show that L < M < G implies
M = G. Since G = TBy = TL we have M = (M NT)L. Therefore M NT > L NT. This
implies that there exists j € {1,...,n} such that ((ai1,...,a,),1) € M NT with a; &€ A,.
Denote a = (ai,...,a,). Since A is primitive and not regular, then A, = Na(A;) (see
Exercise 9.14), and therefore for some u € A, we have aj_lua,j ¢ A,.. Lett € A", with u on
j-th coordinate and remaining ones, that is t = (1,...,u,1,...,1). Let h = [a,t] = a~ 't at.
Then (h,1) € ML = M, and h; = [aj,u] € AA,, h; =1 for i # j. Since A is primitive, A, is
maximal, and so A = (A, h;); therefore M contains subgroup

T(G) = {(f,1) | f € A", fi =1 for all i £ j}.

It is easy to see that (1,b)T ( N(1,0)~ =T(j ) Since By < M and B is transitive on {1,...,n}
we conclude that T'(i) < M, for all ¢ € {1 .,n}. This implies that

T:HT(i)gM

and so M = T By = GG as required. O

Exercise 9.14. Show that a primitive group G is not regular if and only if a point stabilizer
Gy equals its normalizer Ng(Gy).
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10 Multiply transitive permutation groups

Let X be a set. Elements (21, ..., ;) in X* are also called k-tuples. We denote by X&) the
set of all k-tuples (z1,...,xy) such that x; # x; for all 7,5 € {1,...,n}, i # j. Note that, if
|X|=mnand k € {1,...,n}, then

|X® | =n(n—1)--(n—k+1).
Let G act on X. Then it is easily seen that G acts on the set X®) 1 <k < |X]|, as
(z1,...,2)? = (2f,...,2)), (z1,...,21) € X k) geq.

To this action we refer to as the canonical action of G on X ),

Example 10.1. Let X = {1,2,3,4} and G = S;. The canonical action of G on X is
faithful and transitive. We denote by p: G — Sym(X (2)) the permutation representation
corresponding to the canonical action of G on X, and write ij for the pair (i,j) in X®.
For example, if g = (1,2,3,4) € G then

p(g) = (12,23,34,41)(13, 24, 31,42)(14, 21, 32, 43).

The action is faithful means that its kernel ker(p) is the trivial group. Let g € ker(p). Then
ij9 =ij for all ij € X®). Thus g = id in Sy, ker(p) is the trivial group.

We determine the stabilizer G5 in the action of G on X®). Then g € Gys if and only
if 19 = 1 and 29 = 2. From this we easily obtain Gio = ((3,4)). OSL implies [12¢| =
|G|/|G12| = 24/2 = 12. Hence 12¢ = X?)| @ is transitive on X2, O

Definition 10.2. Let G act on X, |X| = n, and let k € {1,...,n}. The group G is called
k-transitive on X if the canonical action of G on X®*) is transitive.

Note that, the group G is 1-transitive means that G is transitive. Let G act on X. We
say that G is multiply transitive on X if its canonical action on the set X ¥ is transitive
for some k > 2.

Example 10.3. A,,n > 3, is (n — 2)-transitive on {1,2,...,n}. Let G = A,, and let X =
{1,2,...,nY»=2) A simple calculation gives |X| =n!/2. Let z = (1,2,...,n —2) € X. The
stabilizer G is trivial. OSL implies |2%| = |G| = | X|, hence G is transitive on X. O

Theorem 10.4. Let G be a k-transitive permutation group of X with £ > 2, and let = € X.
(1
(2
(
(

) G is also (k — 1)-transitive.
) G

3) |G| >n(n—1)---(n—k+ 1), where | X| =n.
)

» is (k — 1)-transitive on X \ {z}.

4) G is primitive.
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Proof. (1)-(2) are left for exercise.

(3): OSL implies |G| = n - |G;|. Because of (2) the stabilizer G, is (k — 1)-transitive on
X\ {z}, and thus |G| = n(n—1)- Gy, 4,, where x1 = z and xy # 1. Applying this argument
repeatedly we obtain that

where x1,x9, ...,z are distinct elements in X. Now |G| > n(n —1)---(n — k + 1) follows.

(4): We need to prove that every block of G is trivial. Let B be a block which contains z,
but B # {z}. Since B is a block, it is a union of orbits of G, (see Proposition 5.22). As G,
is transitive on X \ {x}, it has orbits: {z} and X \ {z}. Thus B = X, and so B is trivial. O

Definition 10.5. A permutation group G of degree n is sharply k-transitive if G is k-
transitive and |G| =n(n—1)---(n — k + 1).

The following result is useful when proving that a given permutation group is (k + 1)-
transitive.

Theorem 10.6. Let G be a transitive permutation group of X such that G, (r € X) is
k-transitive on X \ {z}. Then G is also (k + 1)-transitive.

Proof. We have to show that G acts transitively on the set X* 1. Let z = (z1,..., 2541
and y = (y1,...,Yk+1) be from X*+1) - Since G is transitive, there exists g1, g2 € G such that
xi 41 = @ and 29 = yp41. Since G is k-transitive, there exsits h € G, such that

—1 —1
(@, af)h = ().

-1 -1
Then z9th92 = (2{",... 2", 2)"2 = (y{* |...,y? )92 = y. This concludes the proof. O

Exercise 10.7. Prove that the group AGL(1,p) is sharply 2-transitive.

Exercise 10.8. If GG is a transitive permutation group on a set X, then G is 2-transitive on

X if and only if
1

il > Ifizx(g))* = 2.

geG

10.1 Regular normal subgroups

In this part we determine the regular normal subgroups of multiply transitive permutation
groups.

First, we study regular normal subgroups of an arbitrary permutation group.

Lemma 10.9. Let G be a permutation group of X, and let N be a regular normal subgroup
of G. Then there exists a subgroup A < Aut(N) such that the restriction of G, (z € X) to
X \ {z} is permutation isomorphic to the restriction of A to N \ {1n}.
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Proof. Define a mapping f: N — X as f: n— 2", n € N. Since N is regular, the mapping
f is bijective. Then an action of G on N is defined by

nd = fH2"™), neN, ged.

Denote by p the corresponding permutation representation, i.e., p: G — Sym(N) is a ho-
momorphism. Let g € ker(p). This means n9 = n for all n. Then 2™ = f(n) = f(n9) =
" = (2")9, and so g = idx. Thus ker(p) is trivial, and p is an isomorphism from G to the
permuation group p(G) < Sym(N). Then f~! is a bijective mapping from X to N such that
we have the property that for all n € N and g € G,

FHE™) = (fH )P,
This is the same as for all y € X and g € G,
FH0) = ().
This means that G is permutation isomorphic to p(G).

Let g € G,. Then because of N is a normal subgroup in G, g~!

np(g) —nd — f—l(xng) — f—l(xg—lng) — g—lng.

This implies that p(g) € Aut(N). Thus p(Gy) < Aut(N), and the lemma holds with A =
p(Gz).

ng € N, and hence

O

Theorem 10.10. Let G be a k-transitive permutation group of X with k£ > 2, and let N be
a regular normal subgroup of G.

(1) If k = 2 then N = Z}, where p is a prime.
(2) If k =3 then N 2 Z% or N = Zs.
(3) If k = 4 then N = 7Z3.

Proof. Because of part (2) in Theorem 10.4 the stabilizer G, is (k — 1)-transitive. Let A be
the subgroup of Aut(N) described in Lemma 10.9. Then A is (k — 1)-transitive on N \ {1y}.

(1): According to Cauchy Theorem there exists ny € N with ord(n;) = p, where p is a
prime. Let n € N, n # 1g. Then n = n{ for some a € A, and so ord(n) = ord(n;) = p. We
obtain that NV is a p-group. Thus the center Z (V) is nontrivial. Let n € Z(N),n # 1g. Then
n® € Z(N) for all @« € A hence Z(N) = N, and so N is an abelian group. As any abelian
p-group is the direct product of cyclic groups of p-power order, we conclude that N = Zj.

(2): Now A is 2-transitive on N \ {1y}, hence it is primitive. It can be seen that for
n € N\ {1n} the set {n,n~ '} is block for A. As A is primitive, {n,n"1} = {n} for all n,
or {n,n"t} = N\ {1g}. In the first case p = 2 and N = Z?, in the second case p = 3 and
N = Zs.

(3): Because of (2) N 2 Z5, n > 2. Let {1n,n1,n2,n1n2} be a subgroup of N. Now A,,
is 2-transitive on N \ {1y, n1}, hence it is primitive. It can be seen that for n € N\ {1y,n1}
the set {n,nin}, is block for A,,,. In particular, {no,nins} is a block. Hence {ny,nins} =
N\ {lg,ni}, and so N = {1n,n1,n9,nina}, N = Z3.

U
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Exercise 10.11. Let G be a group acting 4-transitively on X admitting a regular normal
subgroup N. Determine all the possibilities for G.

Proof. By Theorem 10.10, it follows that N = Z2. Then using Lemma 10.9, it follows that
G =2 72 x A, where A < Aut(Z2) and A acts 3-transitively on Z3 \ {1}. Since Aut(Z3) =
GL(2,2), it follows that A < GL(2,2). It is now easy to see that A = GL(2,2) and hence
G =73 x GL(2,2). O

As an application of Theorem 10.10 we give a short proof of the simplicity of the alternating
group A,,n > 5. We shall need the following lemma.

Lemma 10.12. Let G be a primitive permutation group of X, such that G, (x € X) is a
simple group. Then G is a simple group or it has a regular normal subgroup.

Proof. We assume that G is not a simple group, and choose a nonrivial normal subgroup
N, such that N < . Because of Theorem 5.26, N is transitive. Thus NG, = G. Then
N, =G, NN, and N, <«G,. As G, is a simple group, |[N,| =1 or N, = G,. In the second
case G, < N, and N = NG, = G, which is a contradiction to N < G. Thus |N,| = 1. This
implies that N, = 1 for all y € X. We obtain that N is both transitive and semiregular on
X, ie., N is a regular subgroup. O

Theorem 10.13. If n > 5 then A, is a simple group.

Proof. We prove the theorem by induction on n. The case n = 5 is left for exercise. Let n > 6.
The permutation group A4, is (n — 2)-transitive (see Example 10.3), hence it is primtive. The
stabilizer (Ay), is isomorphic to A,_1. By the induction hypothesis we may assume that
(A,)n is a simple group, and we may apply Lemma 10.12. It follows that A, is simple or it
has a regular normal subgroup. The group A4, is (n — 2)-transitive. Theorem 10.10 implies
that A, cannot have a regular normal subgroup. Thus Lemma 10.12 implies that A, is a
simple group. O

11 Rank of permutation group

Before introducing the definition of the rank of a permutation group, we are first going to
prove the following.

Proposition 11.1. Let G be a transitive permutation group on a set X and let xz,y € X.
The number of orbits of G, on X equals to the number of orbits of G, on X.

Proof. Since G is transitive on X, it follows that y = z9, for some g € G. Then G, = g~ 1Gyg.
Let O be an arbitrary orbit of G, that is O = 2% = {2% | a € G, }. Permutation g maps O
to

07 = {2 |a € G} ={(=%)7 " |ae G} ={(z*)" | be Gy} = (%)%

We proved that 2%+ = (29)%, for every z € X. This means that g defines a mapping g from
the set of orbits of G to the set of orbits of Gy, that is

g: 2% s (29)%.
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It remains to prove that the mapping g is bijective. Since G is permutation, it follows that g is
surjective. Suppose that (27)%v = (2)Cv for some 21,2, € X. This means that zJ = 2%° for
some b € Gy,. Since Gy = g~ 1G,g it follows that b = g~ 'ag, for some a € G,, and therefore

1
o = 2 = 90 a9) 219. We conclude that z§ = (2§)Y which implies that 25 = 2{. Hence

Gz = szz = Zle and we conclude that g is injective. This concludes the proof. O

Definition 11.2. Rank of a transitive permutation group G < X is the number of orbits of
G, on X.

Theorem 11.3. Rank r of a transitive permutation group G is
| Z |foX
geG
Proof. By the Cauchy-Frobenius theorem, we have
Z |firx (g
geG

Summing over elements of X we have

X=X g 3 Ifinxol = i 5 3 Iiaxto)l

xEX gEG xEX g€Gy
and hence we obtain )
TE > Ifizx(g)
zeX geGy

We claim that

> Ifiax(9P =" > Ifiex(9)

geG zeX gelGy
If g ¢ G, for any = € X, then |fizx(g)| = 0. On the other hand, if | fizx(g)| # 0, then there
are precisely |fizx(g)| values of € X, for which g € G,. This concludes the proof. O

Exercise 11.4. Prove that the transitive group G < Sym(X) is 2-transitive if and only if
rank of G is 2.

Exercise 11.5. Determine the rank of following groups:
1. Sp;
2. Au;
3. Da,.

Exercise 11.6. Let X = (V, E) be a graph, and let G = Aut(X) its automorphism group. If
G is rank 3-group, then X is strongly regular graph.

Exercise 11.7. Calculate the rank of of the wreath product S, ¢ So with the product action

of degree n?.
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