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Foreword

This textbook is based on lectures delivered for the course Selected Topics in Numerical Mathematics,
which is a part of the study program Mathematical Sciences, 2nd Bologna Cycle, at the University
of Primorska. Topics contained in this textbook are Approximation, Ordinary Differential Equations

and Partial Differential Equations.
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Approximation

1.1. Introduction

Idea: We want to approximate some function, curve, surface, solution of a differential equation ...

denoted by f with some approximant, which we will denote with . We need approximation since
e general functions may be too complicated (expensive) to compute;
e general functions may be known only implicitly.

We have to answer several questions first:
e where to choose the approximant?

which properties should f share with f?

does f even exist in the space where we are searching for it?

is it uniquely defined?

how to construct it?

how good the approximation is?

We will restrict ourselves in this section to the case, when f is a function.

Notation: We will denote the general space by X (f € X) and the subspace where f lives will be

denoted by S (f € S). In the following examples we list some possible choices for spaces X and S.

Example 1.1

e X =%([a,b]) - space of all continuous functions on [a,b];
e X = %*([a,b]) - space of all k-times continuously differentiable functions on [a,b];

e X = L*([a,b]) - space of all Lebesgue integrable functions of 2" order on |a,b), i.e.,

Ja (f(0))dt < oe.




1.1. INTRODUCTION

Example 1.2

e S =P, - space of all polynomials of degree less or equal to n;

e S =T, - space of trigonometric polynomials of degree less or equal to n;

® S =R, - space of rational functions whose numerator is a polynomial of degree less

or equal to n and denominator is a polynomial of degree less or equal to m;

e § =S x - space of piecewise polynomial functions (splines) with knot vector x. Each

polynomial piece is of degree k. The smoothness of the spline is k — 1.

In order to measure the difference between f and f we need some norm defined on the space X,
that is, the space X needs to be normalised with a norm || - ||. Let us consider the most important

norms in the following example.

Example 1.3

(i) Continuous uniform approximation:

We are looking for f which minimizes the infinity norm, that is,

I = Fllefe = max |£2) = 7).

(ii) Discrete uniform approximation:

We want to minimize

max |f(x;) — f(x)]-
xi€[a,b]
i=0,1,...N
(iii) Continuous least squares approximation:

We want to find f which minimizes
1
2

Hf_fHZ,[a,b] = (/ab(f(x) —f(X))de>

(iv) Discrete least squares approximation:

We want to minimize
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1.2. WEIERSTRASS THEOREM

1.2. Weierstrass theorem

When increasing the dimension of the subspace S, we expect that S will become dense in X.

Remark 1.1

Bernstein basis polynomials are of the form

BI(x) = (’.’)xl‘(l oy,

l

With these we can represent any polynomial curve as
n
pa(x) =) bi- B (x),
i=0

where b; represent the so-called control points. Curve represented in the Bernstein basis is

called Bézier curve.

Theorem 1.1: (Weierstrass)

Let f € € (|a,b]) be an arbitrary continuous function. Then

diste(f,Py) := inf ||f — p|lo —— 0.
pe]P’n n—o0

Proof. Let’s prove this theorem for [0, 1] (the proof on [a,b] follows directly, since we can find a
linear, bijective mapping [0, 1] — [a, b] and such a mapping does not affect the polynomial degree).
Let’s define an operator B, : € ([a,b]) — P, which maps

7 3 (1) 2007 () = (Buf) o) = ()0

Let us denote p;(x) =x', i =0,1,2, and calculate B, py, B,p; and B, p,.

(Bupo)(x) = lé (’Z)xi(l —x)" 1= ié (’Z)xi@ ) (xl—x) =17 = 1.
it = B (1)L (oo
:'::; (z—ﬁl)xiﬂ(l et i:l . g (n7 1>x,(1 et
—B,1(po)
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1.2. WEIERSTRASS THEOREM

=3 (1)ea—o (1) = 5 (M- (1)
Zi{(’::ll)x’(l—x)”_’ éz_; <”:1>xz+1(1 et 14’21
— g (17 - 22
—2 ()
_3 (n—1) ’g(nj )x’(l x)" il-l-’g (njl)x’(l—x)"‘”")
=X (1= 1)Ba 1 (P1)(®) + Bat (p0)(9)) = (= Dy 1)

‘We have shown that

Bu(po) = po,  Bu(p1) =p1, Bu(p2) — p2.

Our theorem will be proved if we show that

1S = Ba()lew,fo,1) = max, [f(x) = Bu(f) ()| —= 0.

x€|

Let x € [0,1] be arbitrary and let’s prove that

We have

0= ] = |70+ 1- ¥ () ()

I
1=
D
N—
XN
=
=
~—
T
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1.2. WEIERSTRASS THEOREM

Let us split the set of indices I = {0, 1,...,n} into two disjoint subsets /; and I, such that
i 1
L=<iel : |——x <% , 1221\11.

n

Firstly, let us consider the set I; and after that the set I;. With @(fj; ) let us denote the so-called

modulus of continuity:

o(fi;h) = max [f(x)—f(y)l

[x—y|<h

If f is continuous and if 4 — 0, then w(f;;h) — 0. We now have:

5 (oo s(9)] <o )5 (e

i€l

In I, we have that

For any two x,y € [0, 1] we have that

F () = FO < 211 F oo fo,1] < 2M < oo,

because f is a continuous function on [0, 1], and thus it always has a maximal value somewhere on

[0, 1] Therefore
l;[z <’;)x"(1 " f) = f (n>’ < 2MIZ(’)( ) (1—x)yio1

<2MZ(> (1—x) _i-%:2M\/ﬁi()(7>xi(l—x)”_i((%)2—2x£+x2>

= 2M/n ((Bup2)(x) — 2x(Bup1) (x) + 1)) = 2M+/n(1 —x) - ;—C = %x(l —x) < ZMW —20.

<4

A=

Since both sums over the indices in /; and I approach 0 as n — oo, the sum over the indices in /

approaches 0 as n — oo. In other words,

|f(x) = Ba(f)(x)| — 0.

n—o0

]
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1.2. WEIERSTRASS THEOREM

The Weierstrass theorem shows that we always have a convergence with Bernstein polynomials,

but this convergence is slow. Usually it holds:

I =Ba(Nlw=O (") or ||f=Bu(f)]|e = ﬁ(n—%)

How do we guess these exponents?

Let us compute the infinity norm in the discrete way as

1F = BulPlle = _max | (x) = (Buf) ()| o= e =con® ..

i=0,1,...,
We now compute e, and e,,, and divide them:

4
e, =c-n% en n\o log (a)
em =c-m% em m P

Generalization: Let us recall the main properties of the operator B:

e B, is a linear operator:
Bu(af) = aBu(f);  Ba(f+8)=Bu(f)+Bu(g)

e B, is a positive operator:

Theorem 1.2: (Korovkin)

Let (Ly), be a sequence of positive linear operators mapping from € ([a,b]) to € ([a,b]) and
let

1f =La(f)llee —0, f € {Lx.x}.

Then
1~ La()lle —=0 ¥ € %([a,b]).

Example 1.4

Instead of polynomials we will now show that the space S x is also an appropriate approxi-

mation space.
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1.2. WEIERSTRASS THEOREM

Now we will increase the number of knots
x = {a =x0,X1,...,Xp—1,%, = b}.

Let us denote Ax; := x| —xj and AX :=max—.1,... »—1 Ax;. When increasing knots we will require

that Ax — 0. Let’s define an operator
L, : €([a,b]) = Six,

such that

X) ﬁ;‘)f(xi)H, X

where H; represents the so called “hat” function. We define them as follows:

1 —_ — —_ —_ — _—_- —_— - _—_- —_— -

Figure 1.1: Graph of “hat” functions.

X—Xn—1

x]ij X € |X0,X ol x € [x_1,x
Ho(x) = X1 —X0 [ 0 1] ’ Hn(x) — Xn—Xn—1 [ n—1 Il] ,
0, elsewhere 0, elsewhere

Xit1—X

o Y€ i, Xit1]
Hi(x>: ;:);'_—11’ X E [xi_l,x,-] , i=1,2,....n—1.

0, elsewhere

Clearly, I, is a linear and positive operator. Let us consider now (I,po)(x), (I,p1)(x) and (I,p2)(x)
for some arbitrary x € [a,b]. Since x € [a,b], we can always find an index j € {0, 1,...,n} such that
x € [xj_1,x;], implying H;(x) # 0 and H;_; (x) # 0, and for all i # j, j — 1 we have H;(x) = 0. Thus
we have the following:

(1 po)( Zl -Hj(x ZH 1(x) + Hj(x)

_ xJ—x +x XJ,1 :)Cj—xj;lzl
xj—xj_l xj—xj_l Xj—Xj_1
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1.2. WEIERSTRASS THEOREM

(Inpl)(x) = iéxi -Hi(x) =Xj-1 -ijl(x) +Xx;j -Hj(x)

Xi—X X—Xj—1 X(X;i—Xj—1
:xj_1'1—+xj~ / = (] J ):x.
Xj—Xj-1 Xj—Xj-1 Xj—Xj-1

|(Ip2) (x) —x2| = éx?-Hi(x) — x| = |

Xji—X X—Xj—1
= x‘?fl"]——i_-X%'—]_xz
x]'—xj'_] Xj—Xj_1
2 ) 2. . 2
XX T X XXX XX _ Q2

Xj—Xj,1

xj_lxj(—Xj+Xj_1) +X(Xj—xj—1)(xj+xj—l 2
XJ'—XJ'_]

= ‘—xz—}—x(xj,l +x;) —xj,lxj|

= |—(x—xj_1) (x—x;)| = —(x—x;_1)(x —x;)
~—_———
>0 <0

Xj—1+X;j Xj—1+X;j
) (s

In a similar way we can show the same for spaces Sy x with k > 1.
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1.3. EXISTENCE AND UNIQUENESS OF APPROXIMANT

1.3. Existence and uniqueness of approximant

Let X be a normalized space with f € X, and let f € S, S C X. We say that f for which

[1f = Al < inf]] £ —s]]

an element of best approximation.

Existence: When S is of a finite dimension, then the existence of an approximant is guaranteed.

Let X be a normalized space and S C X such that |S| < oo. Then for every f € X there exists

an element of best approximation.

Proof. Let us choose an arbitrary f € X and let K = K(f,||f]|) be a closed ball with center in f and
radius || f||. We observe that

' 0es L
inf|Lf —sl| < [If =0l =|Ifll = f € KNS =E.

Set E is closed and bounded, thus it is a compact set. We consider now the function from § — R,
s — || f — s||, which is continuous on a compact set, therefore it has it’s minimal value somewhere
on E. That is

inf || £ — s|| = min|| f —s|| = || £ - 7.
inf||f —s|| =min||f || = [~ £l

If |S| = oo, such conclusion cannot be made.

Uniqueness: We always have it if X is strictly normalized.

Definition 1.1

A normalized vector space X is strictly normalized if for any f,g € X, g # 0, for which we

have
Lf+gll = 1£1]+lgll,

it holds that
f=A-g, AR

9 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

Theorem 1.4

Let X be strictly normalized and S C X, then there exists at most one best approximant.

Example 1.5

Let us take X = €'(]0, 1]) equipped with the infinity norm || - || and let S = P,. For f(x) =x
and g(x) = x+ 1 we have that

|1+ 8lloo,j0,1] = 1[2% + Ul jo,11 = 3 =142 = || f]|eo j0,1] T |8 ]]oe,[0,1]

but
f#Ag, AL eR.

Therefore, X is not strictly normalized.

However, even if the space X is not strictly normalized, we can have uniqueness of the best
approximant. But this now usually depends on space S. One such example will be presented in the

next section.

1.4. Uniform approximation with polynomials

Let us consider the space X = ¢ ([a,b]) normalized with the infinity norm || - || and the subspace

S =P,. We are looking for f € S which minimizes the norm

1S = 8l ses-
We are asking ourselves three questions regarding f:
1. Does it exist?
2. Is it unique?

3. How do we construct it?

Definition 1.2

LetE C [a,b] and let f be a function defined on E with the norm being defined as ||f|| g =

max | f(x)|. We define the minimax for the function f on E and for P, as
xe

M, (E; f) := min ||f — p||e g = min max | f(x) — p(x)| =: diste g (f,Py).
peP, peP, xeE

10 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

Definition 1.3

Let f € S be the polynomial of best uniform approximation for f in the given norm. The error

of the approximation
=7

will be called residual.

Since S = P,, we will usually write j instead of f.

Idea: We want to construct p with respect to |E|, the power of the set E.

(i) Let |[E| =n+ 1. In this case p is equal to the interpolating polynomial

n

p(x) =Y f(xi) Lni(x),

i=0

where
n

(x—x;)

Lyi(x)= :
" j=0, ji (K =)

Let’s prove that this representation is unique. To prove that let us assume that there are two

different interpolating polynomials p; and p; for f. Since
P1(xi) = pa(xi) = f(xi), i=0,1,....n,
that means that for p; — p, € P, we have
(p1—p2)(xi) =0, i=0,1,...,n.

Therefore p; = p», which is a contradiction.

(ii) Let |E| =n+2, thatis
E={xila<xp<xi<..<xp<xp1 <Db}.
We are looking for a polynomial p for which the value

m = max|f(x) — p(x)|

is the smallest among all p € P,,. We notice that

fe) = px) = (=D'wim, || <1,i=0,1,...,n+1. (14.1)

11 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

Let us write the polynomial p in the form

n
px) =Y ax'. (1.4.2)
i=0
Together, (1.4.1) and (1.4.2) give us a system of linear equations which, written in the matrix
form, is:
ug 1 xp x% xg m f(xo)
—uj 1 x  x ..A a| _ fx) (1.4.3)
(_1)n+1”n+1 I xp1 x;%.H x’:l+1 An f(xn—i-l)

We have to choose u; so that we get the best approximant, that is, we have to choose u; so that

m is as small as possible.

Notation: Let’s denote the matrix of the system (1.4.3) with A € R™242 and with A; g

the matrix we obtain from A by deleting the i-th row and j-th column. We denote with D;

the determinant of A; ;| 1 where i = 0,1,...,n+ 1. Notice that D; are Vandermonde matrices,
hence
n i—1
D; =det V(x0,X1,- -y Xi—1,Xit1,- -y Xnt1) = det V(¥o, V1, ,Vn) = HH(yi —yj) >0,
i=0 j=0

since for i > j we have that y; > y; foralli=0,1,...,n.

By using the Cramer’s rule we have that

n+1 .
—1)' f(xi)D
m=|m| = 'DOf(XO>_le(xl)+"'+(_1)n+]Dn+1f(xn+1) _ igo( ) f D
uoDo+uiDy+ ...+ up 1Dy nil D
i=0
n+1 . n+1 ) n+1 .
L (=1)'f(x)Di Y (—=1)'f(x;)Di > (—1)lf(xl')Di‘
n+tl B n+1 - n+1 )
u;iDj Y |u;|D; Y D;
i=0 i=0 i=0

By looking at the right side of the inequality, m will reach his minimal value for
uj=¢ vi=0,1,...,n+1, where e =1or e =—1.
We conclude that the best polynomial is the solution of the linear system
f(xi) = plxi) = (=1)'e Ma(E1 ),

12 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

where € = 1 or € = —1 is chosen such that m > 0.

Uniqueness: We are asking ourselves if detA # 0. Let’s say that

+1 I x ... Xxp
1 1 x Xt
A: q: . 01 -1
(€ DL R
then
n+1
detA=+) D;#0,
i=0

since D; >0 fori=0,1,...,n+1.

Remark 1.4

We see that the residual f — p alternately reaches the same value in all points of the set
E.

Let us consider now two theorems without proofs for |E| > n+2.
(iii) Let |E| < oo:

Theorem 1.5

Let f € €([a,b]) be an arbitrary function and S = P, the subspace in which we are
looking for the approximants. Let G C [a,b] be a set of finite cardinality and let us
denote with E C G a set of cardinality n+ 2 such that

My(E; f) > Mu(E'; f), VE' CG, |E'|=n+2.

Then the polynomial of best uniform approximation for f on E is also the polynomial

of best uniform approximation for f on G. It is defined uniquely.

(iv) Let |E| = [a,b]:

13 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

Theorem 1.6

Let f € €([a,b]). In P, there is a uniquely defined polynomial of the best uniform

approximation for f in [a,b]. It matches with the polynomial of best uniform approxi-
mation for f on E C [a,b], where E is of cardinality n+ 2 for which

My (E; f) > Mu(E'; f),

forall E' C [a,b], |[E'| =n+2.

Recall previous remark, which says that the residual f — p alternately reaches the same value in all

points of the set E. Also the reverse sentence is true in the following way.

Theorem 1.7: De la Vallée-Poussin

Let f € € (|a,b)). If the polynomial p € I, is chosen such that the difference f — p alternately
reaches its norm ||f — p||« in n+ 2 different points x; € [a,b], then p is the polynomial of

best uniform approximation for f on [a,b].

Proof. Let p be the polynomial of best uniform approximation for f on [a,b]. We have to show that

p = p. Let us denote

m:= ||f = plleo = Ma([a,b]; f) = ||f — Pl|-- (1.4.4)
Let us suppose that
— Pleo =||f—plle= ) — p(xi)]- 1.4.
1 = Bl <m=1f = plle = max_ |f(x) = plx) (1.45)

We have the following
pxi) — p(xi) = (f (i) — p(xi)) — (f (i) = pxi))-
Let us multiply both sides with sgn(f(x;) — p(x;)). Then

sgn(f (i) — p(xi)) (P(xi) = p(xi)) = sgn(f (xi) = p(xi) - (f (i) = p(xi)) = (f (xi) = P(xi))
= |f () = p(xi) | = sen(f (i) = p(xi)) - (f (xi) = P(xi))
>m—||f = pll- >0,

where m = | f(x;) — p(x;)| because the residual reaches it’s norm in the points x; and sgn(f(x;) —

)
p(xi)) - (f(xi) — p(x;)) is obviously less or equal than || f — p||«. Also,

P(xiv1) = p(xiv1) = (f(xiv1) = p(xi1)) = (F (xig1) — P(xiv1))

14 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

Let us multiply again both sides with sgn(f(x;) — p(x;)). Then

sgn(f(x;) — p(xi)) (P(xit1) — p(xit1))
= sgn(f(x;) = p(xi)) - (f (xie1) = p(xig1)) — (f (i) = P(xig1))
= —[f(xit1) = p(xiv-1)| +sgn(f(xiv1) — p(xi1)) - (f (xiv1) — P(xit1))
< —m+||f = plle <0,

where sgn(f(x;) — p(x;)) = —sgn(f(xi+1) — p(xi+1)). We see that the polynomial p — p € P, has
strict opposite signs in the points x; and x;+1, i =0,1,...,n. Hence, p — p € P, has zeros on all
intervals (x;, xj11), i =0,...,n. We got that a n-degree polynomial has at least n+ 1 zeros on a
given segment [a,b], which is a contradiction. Hence

m=||f—plle=||f—Dlle=p=p.

]

EXAMPLE: Let us consider the function f(x) = x" € € ([a,b]) and let S =P,,_;. For x = cos 0,
where 6 € [0, 7], we have that 8 = arccosx (the mapping [0, ] — [—1, 1] is bijective.) Let’s define
the Chebyshev polynomials of the first kind 7;, as

T,(x) := cos(nO) = cos(narccosx)
First, let us prove that 7;, € P,. From

0 = (09 () + ()

and
¢*® = cos 6 +isin O = cos(arccosx) % isin(arccosx) =x+iv/1 —x2 =x+ /x> — 1

we get that

15 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

The leading coefficient of 7, is equal to

%ZO (’Z) oy (’?)(—1)"—" = (1 (-1 =2 %0

i=0
We conclude, T;, is a polynomial of degree n with leading coefficient 2”~!. Let us denote

k
xk:cos(Gk), Ok:—n, k:(),l,...,n.
n
We have
T, (x;) = cos(narccosxy) = cos(km) = (—1)¥, k=0,1,...,n.

Obviously, ||7,||« = 1. We are looking for a polynomial p € P,,_; for which the residual alternately
reaches its norm in (n — 1) +2 = n+ 1 points. We see that 2! ~"7;, is obviously the residual f — p.
Hence,

21T, = X —px)=px)=x"— 211,

Remark 1.5

1
diste(X",P,_1) = min ||f —p|le=2""= —.
it (¥ Byt) = min [1f —p -
This tells us that calculations with the monomial basis (l,x,xz, ...,x") can be numerically

unstable.

Example 1.6

Let f(x) = sin(3x) be defined on [0,27x]. Find p € Py.

A/
N RNAR

If we take p = 0 we have that r = f — p = f alternately reaches its norm (= 1) inn+2=26

points.

Determine the polynomial of the best uniform approximation p&P, for the given
f€é(la,b]) and €>0.

s Ep:={xi:a<xo<x; <...<xpy1 <b};
k:=0;

s repeat

16 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

7 find p; as polynomial of the best uniform approximation for f on E;
8 (we solve the system f(x;)— pr(x;):=ex(x;)) = (—1)'my, i=0,....,n+1)

v find yela,b] such that [f(y)=p()| = [If = Pl

12 if [f(y)—pe(y)|—me<e

13 return ;

14 else

15 Err1 = (EcU{y})\ {x;},

16 where x; is the nearest left or right point of y
17 such that sgn(e(y))=sgn(ex(x;));

18 k++;

Listing 1.1: Remez algorithm

Theorem 1.8

Let f € €([a,b]) and (py)r>0 be a sequence of polynomials obtained by the Remez algorithm.
Let p be the polynomial of best uniform approximation for f on [a,b]. Then there exist ¢ > 0
and 0 < 6 < 1 such that

0 < ||f = pilloo — Mu([a, B]; f) < c- 6.

Theretore

f = Prlleo —— [If = Plleo and |[pr = pllec — 0.
k—ro0 k—so0

Remark 1.6

The speed of convergence of the given algorithm is linear. If we would change in each step all

of the points in the set E}, then the speed of the convergence would be quadratic.

Let f(x) = e* € €([0,1]). Find p; € P, using Remez algorithm.

Solution: Let k =0, po(x) = kox +ng and Eg = {0, %, 1}. Let us solve the system f(x;) — po(x;) =
(—1)img, i =0,1,2.

1—ny =my

1
ei—%—no = —myg

e—ko—no = my

17 A. Bapi¢, V. Vitrih



1.4. UNIFORM APPROXIMATION WITH POLYNOMIALS

We obtain that

ko=e—1=1.71828..., no =0.89479..., mp =0.10521...

Let us find the value y from the algorithm.

ep(x) =0 e —ky=0
Sef=e—1
sx=In(e—1)
Sx=05413...=y

Obivously, we conclude that
E, ={0,In(e—1),1}.

Now let k = 1 and p(x) = kjx+ n;. Solving the system

1—n1 =m
e—1—ki-In(e—1)—n; =-m
e—kl—nl = nmq

gives us that

ki=e—1, ny=0.89407..., my =0.10593...

Again,
fx)=0s¢" —k =0
Set=e—1
< x=In(e—1)
Sx=05413...=y
Hence,

E, = {0,111(6— 1),1} =E.

We can now generalize Remez algorithm to other approximation spaces.

18
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Definition 1.4

The functions S = { fo, f1,- .., fn} form the so called Chebyshev system of functions on |a, D]

if the generalized Vandermonde determinant
detV (xo,x1,. . .,%,;S) = det (V (fi(xj))zj':o)

is nonzero for x; # xj, i # J.

One can prove the following theorem:

Theorem 1.9

Let S ={fo, f1,--.,[n} be a Chebyshev system of functions on |a,b]. We can then use Remez
algorithm for the space Lin{ fo, f1,---, fu}-

Example 1.8

(a) Is S = {1,x,x%,...,x"} a Chebyshev system of functions on [a,b]?

(b) Is S = {1,x*} a Chebyshev system of functions on [—1,1]?

(¢) Is S = {1,x*} a Chebyshev system of functions on [0, 1]?

Solution:
(a) Since
1 xo x(z) X
1 x; x% . noi=l
DZdCt(V(ﬁ(Xj))Zj:()) = 1. . . . ZHH(Xi—Xj),
. . . e . i=0 j=0
1 x, x2 X

we know that D # 0 for x; # x;, for all i # j. This is true on any interval [a,b]. Hence, S'is a

Chebyshev system of functions on [a, b)].

(b)
1 x2
D= . = x3 —x3 = (x; —x0) (x1 +x0).
1
If we take xo < x1, x0,x1 € [—1,1], then for example for xg = —% and x; = %, we have D =0

but xo # x1. Hence, S is not a Chebyshev system of functions on [—1,1].

(¢) In this case S is a Chebyshev system of functions on [0, 1].
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Example 1.9

We would like to approximate the function f(x) = x on [0,2] with elements of the space
Zin{e*,e**} by the method of best uniform approximation. Show that we can use Remez

algorithm and present one step of the algorithm.

Solution: We first compute

— ex0+2x1 —€x1+2x0.

Let us take xo < x1; x0,x] € [0,2]. If we suppose that D = 0 then we would have that xo + 2x; =

x1 + 2xg, implying xo = x1, which is a contradiction. Hence, D # 0.

Let Eg = {0,1,2} and po(x) = a-e* +b-e**. Solving the system f(x;) — po(x;) = (—1)'m, x; € E,

in other words,

O—a—b =m
1 —ae—be* =-—-m

2—ae* —be* =m

gives us that

> N
¢T3 02507 b= 00072...
ele—1)(e?+1)

“= e(e?—1)
The residual is 7(x) = f(x) — po(x) = x — ae* — be**. Hence, we have
F(x)=0& 1—ae —2be™ =0.

Using the substitution z = ¢* and the fact that z > 0, we conclude that

_a—Va’+8b
R
The new point is therefore x = Inz = 1.2021... and thus

E; ={0,1.2021...,2}.

1.5. Least squares approximation method

We will consider a space X which is normalized with the second norm || - ||, = 1/(:,-) and finite
subset S.
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From before we know that the existence and uniqueness of the best approximant is guaranteed. The

problem we are facing now is how to construct such an approximant.

Example 1.10

1. Continuous case:

b
(f8)p = / F)g(x)p(x)dx, p >0,

2. Discrete case:

Theorem 1.10

Let S C X. The element f € S is the best approximant by the least squares method for f € X
ifand only if f — f LS.

Proof.

(<) Let us suppose that f — f LS. For f to be the best approximate it suffices to prove that

If=sl3 > 11 =73, Vs€eS.

Using the assumption we obtain

W =slE=11(f=H+F=)E={(f=D+F—=5),(f =D+ (F—5)
——  ——

est €S
= If = AIE+2(f =5, = F)+IF =sll3 > |If = FII3.
—_—

=0 >0

(=) Lets €S, let A > 0 be an arbitrary real number and let f be the best approximant. We need to
prove that (f — f,s) = 0. We have

O0<|lf=F+As|3=lf = AB=f = FIE+2A(f = Fos) + A%|Is|3 = ||f — FII3
=2A(f — f.s)+A%||s]3.

When A — 0, then A2 — O faster than A — 0. Thus A?2||s||3 can be neglected and we have that

(f—f,s)>0. (1.5.1)
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Since s was chosen arbitrarily and we know that —s € S, we have also that
(f=f,—s)>0.
Multiplying the last inequality with -1 we get that
(f—f,s)<o. (1.5.2)
From (1.5.1) and (1.5.2) we conclude that

(f—f,s)=0.

Let (s;)7_, be the basis of the space S. That means we can write

n
f = Z o;S;.
i=1

By Theorem 1.10 we have that
n
f — Z o;s; LS.
i=1

It suffices to consider the basis elements, that is

n
<f_zai5i,sj> =0, j=1,2,...,n
i=1

Equivalently,
n
Y ai(sisj) = (fs))
i=1

or in the matrix form

G-a=b,
where
(s1,81) (s2,81) .- (Sn,81)
G <s1,.s2) <s2,.s2> oo (Spy82)
($1,80) (82,8n) - (Sn,Sn)
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1.5. LEAST SQUARES APPROXIMATION METHOD

is the Gram matrix and

o (f.s1)

The solution f is obtained by solving the given linear system. Thus, the problem of finding

the best approximant for || - ||, is much simpler than finding it for || - | |-

The linear system G -a = b is called a normal system. Since for x # 0 and (s;)}_, being a basis
T n n n n
x' Gx = Z Xi&ijXj = Z xi<s,-,sj>xj = Zx,-si,ijsj = <y,y> > 0.
i,j=1 ij=1 i=1 i=1
Therefrom we conclude that the Gram matrix G is a symmetric positive definite matrix. Thus,
for solving the system we can use the Cholesky decomposition for which we need %n3 + 0(n?)
operations.
We have two possibilities to find a solution:

1. We choose an arbitrary basis (s;); and solve the linear system G-a = b.

2. From the given basis (s;);, we compute the orthogonal basis (5;); and with it we find the

solution without solving a linear system.

The following example will demonstrate why the first option is not always an appropriate one.

Example: Let X = €([0,1]), S = P, whose basis is s; = x*, i =0, 1,...,n, and the inner product is
. . 1

given with (f,g) = [0 f(x)g(x)dx.

If we denote G = (gi;)7 ;_;. then

1, _ 1 i+j-1 1 1
g,-,-:/ xllledx:/ A= S| =
0 0 i+j—1lo i+j—1

Thus,
1 1 1
I3 3 n
1 1 1 1
S A
1 1 1 1
n nt+l n+2 2n—1
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1.5. LEAST SQUARES APPROXIMATION METHOD

which is the so called Hilbert matrix. Let us take forb = G- (1,1,...,1)T and let n = 10. From
Gx=beGx=G-(1,1,...,1)7,

we can conclude that the exact solution is x = (1,1,...,1)7, but using Octave we have that the

approximate solution X is

G=hilb(10);
b=G*ones (10,1);
xapr=G\b

xapr=

1.00000
.00000
.00000
.00001
.99995
.00013
.99980
.00019
.99990
.00002

, O Bk O Kk O B B -

The error is
|x —X||» =3.286-104,

which is not acceptable for such a “small” system.

We are given points (x1,y1)7, (x2,y2)7, ..., (Xm,ym)?. Find a line y = kx + n using the least

squares method which best approximates the given data.

Solution:
First possibility:
We are trying to find
rinnn; — (kxj+n))" = Iginnf(k, n).

Let us solve the system

af af

— =0, =—=0.

ok 7 dn
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We have .
ZZX, —kx;—n) =0, ZZ(yi—kxi—n):O.
i=1
Further,
m ) m
Z(xiy,-—kxl- —nx;) =0, Z(y,-—kx,-—n) =0.
i=1 i=1
Finally,

m m m m m
inyi—ka,Z—ani=07 Zyi—kai—anO,
i=1 i=1 i=1 i=1 i=1

which gives

m m 2 m
Yxi Y x [n] L Xiyi
=1 =1 . _ |i=1
m k m
m.o Y X L i
i=1 i=1
Second possibility:
Let S = Zin{1,x}. We have then
m
1, < ,X> m -§IXI
G= = | m "m )
x1) &%) [Py ¥
=1 =1
and
r m
(y.x) Z XiYi
LI
Hence,

Ga=bs |, !
LY Xx Y xiyi
1= 1= . =

i=1

m g xi- [n] in: Vi

which is the same system as we obtained above. Solving this system will give us the parameters k

and n, which will determine the best approximant.

&

Let f(x) = €* be defined on [—1,1]. Find p; € IP; by the continuous least squares method.

Solution: We are looking for j(x) = kx+n, where S = Zin{1,x} and (f,g) = [!, f(x)g(x)dx

Let us compute the inner products.

1 1
<1,1>:/ dx:x) —2,
—1 -1
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1.5. LEAST SQUARES APPROXIMATION METHOD

1

(L,x) = (x,1) :/ xdx =0,

-1

1 3.1
<x,x>=/ xzdx:x—‘
_1 3=

1

(e*,1) :/ e'dx=¢e"

-1

1 1
:e——’
-1 e

1 1 1 1 1 2
(ex,x>:/ xe'dx = xe* —/ ecdx=e+—-——e+-=-.
1 1 Jo e e e
Hence, we have the system
2| — ] 2
0 3] [k c
whose solutions are
e’ —1 P 3
n— = —
2e ’ e
Thus, )
. 3 e —1
P =t
[
Example 1.13
Using the discrete least squares method approximate points

(_170)T7 (_171)T7 (071)T7 (172)T7 (173)T with a
(a) polynomial from the space IP;,

(b) polynomial from the space P3.

Solution:

(a) Let py(x) = ap+aix+axx* and s; = 1,50 = x,53 = x> be the basis of our space S. We have
that

1=(1,1,1,1,1), x=(—1,-1,0,1,1), x*=(1,1,0,1,1), y=1(0,1,1,2,3).

The inner products are
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Hence, we have the system

5 0 4 aop 7
0 40 a| = 4],
4 0 4 a 6
whose solutions are .
a=1, a =1, azzi.
Thus,
2
pax)=14+x+ >
S'Of [ ]

(b) Let p3(x) = ap+ ajx +axx* +a3x® and s = 1,5, = x,53 = x>, 54 = x>. We calculate the

remaining inner products:

<1,x3> =0, <x,x3> =4, <x2,x3> =0, <x3,x3> =4, <y,x3> =4,

By solving the system

5 040 aop 7
04 0 4 ar| 4
4 0 4 0| |ap| |6
040 4 as 4
we obtain |
apg=1, azzi, aa=0cR, a=1-a«a.
Hence,

pa(x) = 1+(1—a)x+%+ax3, a e R.
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Remark 1.8

The solution in (b) is not unique. The reason for that is that the given data is not

sampled from some function f € X.

Example 1.14

Approximate points (1,0)7, (2,2)7, (1,2)7, (3,2)T, (1,1)7, (2.1)7, (2,0)7, (3,0)7, (3, 1)T
with the least squares method in the space S = Zin{1,e*}.

Solution: We want to find y = a + be*. We have

1=(1,1,1,1,1,1,1,1,1)
X = (e,e?,e,e,e,6?,¢? ., &%)

y=1(0,2,2,2,1,1,0,0,1)
Let us compute the inner products

1,1) =9, (1,e%) =3e+3e’ 43¢’ =3e(1+e+¢?)
(X, eX) =3e? + 3¢ +3e® =3*(1+e+¢?), (y,1)=09,
(y, %) = 2e* +2e+2¢° +e+ e+ =3e(l +ete?).

Thus, we have the system

9 3e(l+e+e?)
3e(l+e+e?) 3e*(1+e+e?)

9
3e(1+e+e?)

Y

whose solution is

Hence,

is the best approximant in the given space.
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[

Gram-Schmidt procedure is the standard procedure to compute an orthogonal basis for a given space

S. However, for S = P, we have a particular three-term recursive formula available to compute it.

Recursive formula:
Let {Qo,0Q1,...,0,—1} be an orthogonal set of polynomials where deg(Q;) = i. Let us compute Q,,,
where we want that (Q,,,Q;) =0, Vi=0,1,...,n— 1, and that the leading coefficient of Q,, is the

same as the leading coefficient of Q,_1. Thus,

n—3
Qn(x) = (x—l—an)Qn,l(x) +ann,2()€) + ;)Cij(x).

J

We have, fori =0,1,...,n—3,

n—3
0=(0n,0i) = {(x+an)On—1,0i) + (buOn—2,0i) + ¥ ¢;(Q;,0:) = cil| Qil >
=0

Thus,
¢i=0, i=0,1,...,n—3.
Similarly,
0= <Qna Qn72> = <(x+an)Qn71;Qn72> + <ann72a Qn72>
= (XQn—1,0n—2) + (anQn—1,0n—2) + bu||On—2|*
<Qn—l 7xQn—2>
= by = —ZnLXen-2)
" HQn—2H2
0= <Qn; Qn—1> = <(x+an)Qn—17Qn—l> + <ann—2aQn—1>
= <xQn—1;Qn—1> +an||Qn—1||2 + <ann—27 Qn—l)
(X0n—1,0n-1)
= q, = - =l
||Qn—1||2
begin
Qo(x) =1;
_ EAVI
Q1(x) == figyf
k=273,....n
=
be=— \klinkLz\]\cziz g

Ok (x) = (x+ax) Qk—1(x) + brQx—2(x) ;
s end

Listing 1.2: Algorithm for computing an orthogonal set of polynomials
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Example 1.15

Let (f,g) =Y, f(i)g(i).

(i) Compute the first three orthogonal polynomials.

(ii) Approximate the function f(x) = sin %5t with a parabola by the least squares method.

Solution:

(i) We have x = (1,2,3,4,5). Let’s compute Qp,Q; and Q5.

Q()()C):l, Q0:(171,17171), ||Q0H2:5
15

Ql(x):x—?:x—f'), QIZ(_27_1707172)7 ||Q1||2:10
(xQ1,01) 30 (x—3,x) 10
az 0 0 3, b 5 <

0> (x) = (x—3)Q1 (x) —2Qp(x) = (x—3)* =2 =x> —6x+7,
Q2:(27_17_27_172)a ||Q2||2:14

(i1) By (i) we have

50 0
G=10 10 O
0 0 14

We have that f = (1,0,—1,0,1) and thus
<f7 Q0> = 17 <f7Q1> = 07 <f7 Q2> =6.

By solving the system G -a = b we get that

—1 o =0, o —3
0¢0—5> 1=V, 2—7-
Hence, ¢
1 3 3 18 1
pz(x)=§+O+§(x2—6x+7):7x2—7x—|—?.

Example 1.16

We are given points (—1,12)7, (0,7)7, (1,6)7, (2,9)T. Approximate these points with a

parabola by the least squares method using orthogonal polynomials.
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Solution: We have x = (—1,0,1,2). Let us compute Qp, Q1 and Q5.

Q1(x) =x

01 (x) = <

1\* 5
x—§> —Z:xz—x—l,

QO()C):I, QO:(1717171)7 ||Q0||2:4
, 1 1 1
_ﬁ:x_§7 HQIHZE(_?%_LL?)% HQ1H2:5
azz_wz_l b2:_<Q17xQO> :_§
QP 2 QI 4

Q2: (17_17_1;1>7 ||Q2||2:4

We denote f = (12,7,6,9). Hence,

By solving the system

we obtain

Thus,

<fa QO> = 347 <f;Ql> = _57 <f7 Q2> =8.
4 0 0 o 34
050 ol =1|-5
0 0 4 (073 8
17
0 = —, a1:_17 (X2:2.
2
17 1
pa(x) = 5 —x+§+2x2—2x—2:2x2—3x+7.
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Ordinary differential equations

2.1. Introduction

An ordinary differential equation (ODE) represents an equation which connects the independent

variable x, dependent variable y = y(x) and it’s derivatives. We can write it as

F <x,y,y’,...,y(")) =0.

Sometimes we have an explicit expression for the highest derivative as

y(”) :f(x,y,...,y(”*l)) =0.

The solution of such a DE is a function g for which

F (x,8().8'().8"(x)) =0.

The order of an ODE represents the highest derivative of the variable y which appears in the
equation. The solution of an ODE is a n-parametric family of solutions A(x;cy,c2,...,c,) where

fixing the constants cy, ¢, ..., c, gives us the so-called particular solution.

Example 2.1: DE with separable variables

If we can write the given DE in the form

g(x)dx = h(y)dy,

we say for that equation that it is a differential equation with separable variables. The idea of

finding a solution is to integrate both sides of the equation, that is

/g(x)dx: /h(y)dy < Gx)=H(y)+C.

Sometimes we can explicitly express solution y(x).

32



2.2. SOME SIMPLE NUMERICAL METHODS

Solve ODE y'(x) = —2xy.

Solution:

d
y = —2xy & 2 —2xy
dx

d
= _ —2xdx

y
d
<:>/—y:—2/xdx
y
& Inly| = —x* +n|C]|

S y(x) = De™

[
Let us consider now the situation with more than one DE. Suppose we have a system of DE of first
order
yll = fl (x7y17y27 oo 7yn)7
y/2 = fZ(x7y17y27 cee 7yn)7
y:; = fn(xvylayZa s 7yn)7
where f1, f2,..., fy are given and y(x),y2(x),...,y,(x) are the unknown functions. If we are given

initial values

y1(x0) =¥1,0, ¥Y2(%0) =¥2,05 ---Yn(*0) = Yn0,

then the initial value problem can be written as
Y'(x) =F(x,Y(x)), Y(x0)="Yo,

where Y = (yl,yz,...,yn)T and F = (fl,fz,...,fn)T.

2.2. Some simple numerical methods
Methods for solving DE can be partitioned with respect to several parameters:
1. Discrete vs. Continuous

(a) Discrete methods: The interval [a, b] on which we are solving the DE is separated into a =

Xo < x1 < ...<x, =b. We are looking for approximate values of y(x;),y(x2),...,y(x,).
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(b) Continuous methods: Now the solution lies in some approximation space S, e.g., space
of (piecewise) polynomial functions. Some methods belonging to this class of methods

are the finite element method, collocation, isogeometric analysis ...
2. Approximation of derivatives vs. Approximation of integrals

(a) Approximation of derivatives: We use some approximation method to approximate
n—1
Y (x) = Z oy(xi).
i=0
(b) Approximation of integrals: We integrate DE e.g. on the segment [x,,_1,x,], that is

/x"" ¥ (x)dx = /xxn Fly(x)dx < y(xn) —y(x,—1) = /xxn £(x,y(x))dx.

n—1 n—1 n—1

We use now some numerical method to compute the integral, e.g. we use one of the

Newton-Cotes methods or Gauss methods.
3. One-step vs. Multi-step

(a) One-step methods: For computing y, = y(x,) we only use y,_.

(b) Multi-step methods: For computing y,, We use y,—1,Yn—2,---Yn_k, Where k > 1.

4. Explicit vs. Implicit

(a) Explicit methods: We can express y, as Y, = & (Y0, V1« -sYn—1)-

(b) Implicit methods: we only have the relation y, = h (y0,¥1,--,Yn—1,Yn)-

Global and local error of a numerical method

The global error in the point x, is the difference ||y, — y(x,)||- Considering the local error is
an approach which enables us to compute the global error. The local error in the point x,, is the
difference ||y, — y(x,)|| with the additional assumption that y,_; = y(x,_1). The global error is not

the sum of local errors, but the approach considering local errors makes it easier for us to compute

the global error.

Convergence

We want the numerical approximants to converge to the exact values as mlax Ax; decreases, that is
omax [[yCom) =yl =0, h:=maxAx;.
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If that holds for the solutions of all DE, then we say that this method is a convergent method. We
say that a method is of order r if

max |y(xm) —ym|| = O'(h").

0<m<n
1. The method is convergent if it is of order r > 1.
2. Considering initial value problems we usually require that r > 4.

3. Considering boundary value problems we are usually satistied with r > 4.

2.2.1 Euler methods

We have the initial value problem

Y =f(xy), y(x0)=yo. (2.2.1)

For the approximation of the derivative of a function y(x) we will use the derivative of a linear

function in the point x. How to approximate y'(x,_1) and y'(x;,)?

y(wn—l) r

Tp—1 Ln
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We have :

y/(xnfl) = p/(xnfl) = y(xn) _y(xn_l)7

Xn —Xn—1
. Y Xn) — Y Xn—1
y/(xn) :P/(xn) = () S )
Xn — Xn—1

Let us suppose that Ax; = h, Vi. Let us write the DE (2.2.1) in the point x,,_;:

Y (Xn-1) = f(Xn—1,y(xn—1))

= y(xn) = y(xn—1) = ~f (Xn—1,y(xn—1))
Y(xi:)syi Y = Yu_1 +hf(xn—17yn—l)-

The last expression represents the Explicit Euler Method (EEM). Let us write the DE (2.2.1) in

the point x;,:

y/(xn) = f(xXn,y(xn))
= y(xn) = y(xXn-1) = hf (xXn,y(xn))
)’(xi:)fJ’i Yn = Yn—1 +hf(xn7yn)-
The last expression represents the Implicit Euler Method (IEM). Now let us consider the order of
the EEM.

EEM: We compute y(x,) — y, with the assumption that y(x;,—1) = y,—1. The order of the local error

is now computed as the following.

Yn = Yn—-1 +hf(xn71,)’n—1)
h2
)’(xn) :y(xn71> +hy,(xn71) + Ty"(an) +...

=Yn-1 +hf(xn71:yn71) + ﬁ(h2>

Therefore
Y(xn) —yn = O(h?).

We conclude, that the order of the local error is 2.

For initial value problems, the order of the global error of the method is one less than the

order of the local error.

Hence, the order of EEM is equal to one. It is straightforward to verify that the IEM has also
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order one.

The Taylor expansion of a function of two variables is given as

h2 2
f(x+h,y+k) = f(xa)’) +hfx+kfy+ ?fxx‘f‘ Efyy"f‘hkfxy'i‘ .

Now, let us approach the point (x,,y,) from (x,_1,y,—1) in the direction given in the point at

Xp—1+Xn
2

parameter . Let us denote x, 1 :=x, |+ g and Ypod i Yn-1 + gf(xn,l,yn,l). Now we

(]

have,

h h
Yn =Yn—1 +hf (xn,%,yn,%> < Yn=Yn-1 +hf (xn—l + Eyyn—l + Ef(xn—luyn—l)) .

The last equation represents the Improved Euler Method. Let us consider the local order of this

method. We assume that y(x,_;) = y,—1. Then

2
¥0m) = Y1) 1Y (Gint) o (rar) + O )

2 B
= y(xp—1) +hf (Xn—1,Yn—1) + > (feon—1,9n—1) + fXn=1,Yn—1) fy(Xn—1,Yn-1)) -
Yn=Yn-1+h (f(xn—l Y1)+ gfx(xn—l Y1)+ ;f(xn_l Y1) fy(Xn—1,Yn-1 )) +O(1).
= ¥(xa) —yu = O(I).
We are given the following equation: y'(x) = —50y + 100, y(0) = yo.
(a) Find the exact solution of the ODE;
(b) Solve the ODE using the explicit Euler method;

(c) Solve the ODE using the implicit Euler method.

In (b) and (c) find the closed-form formula for y,. Show for which h the approximation y,

converges to the exact solution when n — oo.

Solution:
(a)

y'(x) = =50y + 100
Y

d
= = —50y+ 100
dx

dy
S
< S5oy+100
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1 dy
S
50 (—y+2)

< —In|2—y| =50x+In|c|
< In|2—y| = —50x —1In|c|

& 2—y=TFln|cle ™
Sy=2+ke ™

Further we have
yo=y(0)=2+k = k=yo—2.

Therefore
y(x) = (yo— Z)e_sox +2 —2.

X—ro0

(b) We have f(x,y) = —50y+ 100.

Yn = Yn-1+hf(Xn—1,Yn-1)
= yn—1+h(—50y,_1 +100)
= y,_1(1 —50h) + 100h
= [yp_2(1 — 50h) + 100A] (1 — 50h) + 100k
= yuz(1 = 501)%+ 100/ ((1 — SOh) +1)
— Yu_3(1 = 50h) + 100A (1 — 50h)2 4 (1 — 50k) + 1) =
= yo(1 — 50)" + 100A 1(1—50h)
(1= 5oy
1—1—|—50h
= yo(1 —50R)" +2 (1 — (1 —50h)").

= yo(1 = 50/)" + 100/ -

Therefore
yn = (1—=50R)"(yo —2) +2.

For which /& will we have the convergence when x — «? We observe that x — co < n — oo,
0 to achieve that y, —— 2 we must have that |1 —50A| < 1. This gives 1 € (0, 55).

(c) Like in (b) we have f(x,y) = —50y+ 100. Then

Yn = Yn—1 +hf(xnuyn)
— Vot +h(—50y, + 100).

We have
yu(14+50h) = y,—1 + 100A
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and further

Yn ()’nfl + 100h) =

~ 14 50n
1 1
1+ 50k \ 1+50h
1

= (T sonp 02 F2

(Yp—2 + 100h) + 100h> - ...

When 1 — oo we need that W — 0. Thus, |1 +504| > 1 which holds for all 4 > 0.

2.3. Trapezoidal method

Instead of approximating the derivative like in the case of Euler methods, the idea here is to integrate
equation y'(x) = f(x,y) on [x,_1,X,]. With the assumption that y, = y(x,) and y,_1 ~ y(x,_1) we
have that

o=y [ fley()dx
Xn—1

We have to use now a numerical method for computing the integral. We will use the so-called

trapezoidal quadrature rule, that is

[ swdx = S et ) +glm).

Xn—1

Using this, we get

h
Yn =Yn—-1+ E(f(xn—layn—l) +f(xn7yn))-

The last formula represents the trapezoidal method. With the assumption that y, | = y(x,—1), let
us compute the order of this method.
2

) = ¥ 1) + (1) 5 1) + O)

h2
=y(6n1) +hf (1, y(0n-1)) + 5 (et ) + O(F)
2
= Yn—1 +hf<xn—layn—l) + %(f)ﬁ"fyf) + ﬁ(h3)

Further

Yn=Yn-1+ gf(xn—layn—l> +g (f(xn—byn—l) +hfx+fy (g(2f+ ﬁ(h))>) + ﬁ(h3)

Therefore
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Example 2.4

Compute the approximation y, for equation y’ = x> —y?, y(xo) = yo. using the trapezoidal
method.

Solution:
h
Yi=yot; (f (x0,y0) + f(x1,51))
h
=yo+5 (% =35+ 1)
Then
hy? +2y1 — (2y0 + hxg — hyg+hxt) = 0.

It follows

1 /14 2y + g — 233 + 12
; .

7=
Since v/1+x =1+ %+ 0(x*), we have that

2
1k (1o =5 (G433 +3)) 1% (14-hyo+ 6(42)

= h - h
Then
hyo + O (h?
v = h ( )ZYO+ﬁ(h)—>YO>
—2—hyo+ O(h?) n—o

Hence, the solution is y; = y| .

2.4. One-step methods

All the methods considered above belong to a more general class of methods. The idea now is to
find the values of the function f (directions) in m different points and to determine the final direction

as a particular linear combination of the obtained directions.
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So we first compute m coefficients
m
ki=hf | xa—1 +hoi,ya1+ Y, Bijkj |, i=1,2,....m,
j=1
and build the next approximation y, using the linear combination of coefficients k;:
m
Yn=Yn-1+ Y Yiki.
i=1

We have to determine parameters ¢, % and f3;; in such a way, that the order of the method is as high
as possible. The obtained methods are called Runge-Kutta methods. Parameter m represents the
degree of the method (note that degree is not the same as the order). It can be proved that if we want

the highest possible order, then we must have
m m
o=y B Y¥u=1
j=1 i=1

We have the following special cases:

ar | Bu Bz ... Bim
o | B B ... PBom

Oy ﬁml Bm2 cee Bmm
i oo Ym
Table 2.1: Butcher tableau

e Explicit Runge-Kutta method (ERK): B;; =0, j > i
e Diagonally implicit Runge-Kutta method (DIRK): B;; =0, j > i

e Implicit Runge-Kutta method (IRK): arbitrary f3;;

Examples:
o
1) m=1: 1| B
h
00 ki =h _ _
(a) =1 1 f(xn 1,Yn 1) EEM
1 Yn =Yn—1+ki
1)1 ki =hf(xu,yn_1+k
(b) T 1 f('x Yn 1+ 1) IEM
1 Yn :yn—l+k1
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2.4. ONE-STEP METHODS

ar | B P2
@ m=2: a | pu P
‘ n "
00 0O ki =hf(x—1,Yn-1)
@ 3|3 0= k =hf(x1+%y1+%) ; Improved EM
0 1 Yn =Yn—1+ko
0/0 0 ki =hf(xn-1,yn-1)
(b) L % % = ky =hf (xn, Vn_1 +%+%> Trapezoidal method
1
73 Yo =Yn1+ 3k +k)

(3) Arbitrary explicit Runge-Kutta method of degree 2:

0 0 0 kl :hf(xn—layn—l)
a|B 0 = k =hf(x—1+ohy,—1+Bki)
hoPr Yn =Yn—1+Nki + Pk

The goal is to have as high as possible order of the method. We want to compute y(x,) — y, =

O (h"') with the assumption that y(x,_1) = y,_1. Using Taylor’s expansion we have

h* h?
y() =yno1Hhf+ 2 (fet f1) + 5 (et 2l + Ff + e+ ) + O ().

Let us compute kp and y,. We will use the notation f = f(x,—1,yn—1)-
1
ky=h (f + ahfet Bhffy+ 5 (0h fuct B2 f7 fiy + 2fxyaﬁh2f)> +O(h),
l’l3
yn=Yn 1 Hh(nf+0f) + 1 (0fe+ BIA) o+ o (0 fot B2 fiy + 2fyaBS) 12+ O ().

Let us look at y(x;,) — y, and try to eliminate as many terms in the expression as possible.

1:v
h:n+p=l=n=1-p
1 1
Pia=—,p=-—

2y P 2y

1 : cannot be eliminated

We conclude,

YZ€R7 7’1:1_72,05:[3:2_,},2~

For example, when 95 = 1 we have the improved Euler method and for p» = % we have the

so-called Heun’s method.
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(4) Example of an implicit method of degree 2 and order 4 (Hammer-Hollingsworth’s method)

SRV B U
2 \6[ 4\[ 4 6
1 3 1 3 1
2T%6 |aT6 4
I 1
2 2

(5) The most often used Runge-Kutta method is one of the explicit methods of order and degree 4

0/0 0 0 O (ki =hf(xu—1,Y0-1)

302 000 ky = hf (-1 + 5h a1+ 3k1)

310 3 0 0 =< ks =hf (X1 +5hyn1+3k)

o0 1 0 ks =hf(x,_1+h,y,1+k3)
P22k Lo vt bt e+t

Compute y; ~ y(0.1) for the equation y' = —y+ 5¢*sinx, y(0) =1, h=0.1.

Solution:

ki =0.1-(—1-0)=—0.1
ky =0.1- £(0.05,0.95) = —0.12127
ks =0.1- £(0.05,0.93936) = —0.12021

kg =0.1-£(0.1,0.87979) = —0.14315

00012127 012021 0.14315
=T 3 3 6

= 0.87898

L]

Example 2.6

With the method given in the Butcher tableau bellow solve the differential equation y' =
Ay, y(0) = yo.

1. First compute y, explicitly.

2. For which stepsize h will y, (n — o) behave as the exact solution for A = —4.
o0 0 0
1 1
513 0 0
1|-1 2 0
14 1
6 6 6
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Solution: The method is given with the following

k) = hf(xnflvynfl)

h k
ky=hf (an + V-1t —1)

2 2
ks =hf(xp—1+h,yp—1 — ki +2k2)
B ko 4k ks
Yn =Yn-1+ 6 + 6 + 6

For f(x,y) = Ay, we get:
ki =hAy,—1
h 1
ky = hA (yn—l + E)Lyn—l> = hlyn—l (1 + Ehl>
ks = hA (yn_l —hAy,_1+2hAy, <1 + %hl))

= hAyn_1 (1 — hA +2hA (1 - %h/l))
= Ay 1 (1 +hA + (h1)?)

1 1
Yn = Yn-1 "’ghl)’n—l (1 +4 (1 + Ehl) + (1 +hA+ (l’ll)z))

1
= Yn1+ chAyn (14+4+42hA +1+hA +h?2%)

_ (hA)* | (hA)?

=Yn—1 (1 +hA + 5 + 6
®(1.2)

=yo- [®(h,A)]".

We can easily compute the exact solution of the differential equation by writing it as Ci—,y = Adx,

where, after integration, we get that

y(x) = ce™.
Since y(0) = yg, we have that ¢ = yg, so
y(x) =yoe*
is the exact solution of our given equation. For A = —4 we have that y(x) = yge~*. We have

that y(x) — O when x — co. Thus the question is for which 4 does y, — 0 when n — . Since,
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yn = yo|®(h,—4)]", we conclude that the condition is satisfied when

32
|D(h,—4)| <1 < 1—4h+8h2—?h3 <1 & he(0,0.6281).

We are given the equation y" —y'y> +y =0, y(0) = 1,y'(0) = 0, and the stepsize h = 0.2.

Transform this DE of second order to a system of two equations of first order. Use the RK

method of order 4 and compute the approximation y; =~ y(0.2).

Solution: Let us use a substitution z = y’, then 7/ =y = zy®> — y. With this we get that our DE can
be represented as

{y’ =7z, ¥(0) =

1
7 =z%-y, z20)=0

We can write this in the matrix form

r= (ﬁ) Vi=Flr) = (zyzz—y)’ o= <(1)) -

We have

~0.022
(—0.219562)

—0.04391
( 0.2376 )

Therefore

v (xl) (yo + ekt 2o+ 2k + %k4> ( 0.97868... )
1= = — .
yi 0+l +20+20+3, —0.219454 ...

2.4.1 Nested methods

One of the advantages of one-step methods is the fact that we can relatively easy adapt the stepsize
h. Methods, which allow such generalization are called nested Runge-Kutta methods. The idea of

such methods is to add on each step the value for the so-called estimator.
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or | Bu Pz - Bim
o | B B ... Bom
Cn | Bt Bu2 -+ Bum
N )/
hnoon . Ym

Explicit methods of degree m can be of order r < m. Form > 5 we can have r < m— 1.

We usually use that the original Runge-Kutta method is of order r and the estimator is of order
¥ = r+ 1. The method is then labelled as the pair (r,7’).

Known methods:

e Runge-Kutta-Fehlberg’s method (4,5) is a method of degree m = 6. The fundamental method

is of order 4 and the estimator is of order 5

6
Yn=Yn-1 +Z%’ki7 Yn = Yn—1 +Z')7iki-

6
=1

i=1 =

Error is then

Usually we choose
1

eh 5
v =at 4= (5521 )

e Dormand-Prince methods. The best known is the (5,4)-method.

2.5. Multi-step methods

We compute y, with help of y,—1,yn—2,-- ., Yn—k-

Advantages: Usually less function evaluations are needed to achieve the same accuracy.
Disadvantages: It’s difficult to adjust the stepsize #. We need a special way to compute the initial k

approximants. They are less stable.

The idea is similar as the one used for one-step methods. We again distinguish methods depending
on whether the numerical approximation for the derivative (BDF methods) or for the integral of the

function (Adams methods, Milne’s methods) is used.
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2.5.1 Adams methods

We integrate the DE y'(x) = f(x,y(x)) from x,,_1 to x;:

/xn
X

n—1

Ydx= [ fley) @ yamr = [ )

Now we have to calculate the approximation for [ f(x,y(x)) and we will use an interpolating
polynomial p(x) which interpolates the function f in the points x,,_x,X,_g+1,--.,X;—1. The points
are distributet equidistantly:

1 N
o) =l ) = X (1) () Vg
i=0
e x=x, | +ht —t= ,ll(x—xn,l)
o Vifi=Vlf—vila 1, Vi = fi, fi = o y(x))

o ()=%(—t=0)(—t—1)(—t—2)...(=t—(i—1))

From
Xn Xn 1k—1 Lt )
/ £ y(x)) ~ / p(x)dx = / Y (—1) ( , )V’fnlhdt
Xpn—1 Xn—1 0 i=0 l
we can derive the explicit Adams method (Adams-Bashforth method):
k—1

_ ' .
ynZYn—l‘f‘hZ'}’ivlfn—l, %:(_1)1/0 < .)dt~
i=0

1

Example 2.8

Determine the methods for k < 3.

Solution:

o k=1:

%= (—1>°/O] (Bt)dtzl

Yn = Yn-1+hwV0fii
=Yp—1+ hfn—]

Yn=Yn-1 +hf<xn717y(xnfl>) EEM
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o k=2:
L/ ¢ 1
_ (_1\1 ——
n=(-1) /0 (1)611 5
Yn =1 +h (WY fuct + 11V furt)
1
:yn—1+h(fn—1+§(fn—1_fn—2))
3 1
yn—yn—l_f’h(ifn—l_ifn—Z)
o k=3:

B ) (Y1), 5

m= (17 <2>‘”_E

Yn=Yn—1+h (’}/Ovofn—l + YIvlfn—l + Yszfn—l)
:yn1+h(fn1+%(fnl_fn2)+%(fn1_2fn2+fn3))

17

4 5
Yn = Yn—1 +h <Efn—1 - gfn—Z + Efn—?a)

Form =1,2,... we have that

1 1
YOZI, szl_EYm—l_g’}/m—Z_'--_m

There are also the implicit methods, so-called Adams-Mouton methods, for which holds
k S —t .
p additionally interpolates the function in x, = p(x) = p(x, +ht) = Y (—1)' ( , >V’ I
i=0 !
The method is given with
koo SN
i=0

Also,
’}/lk:’yl_’ylfla 1217 ’}/6(:1
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Example 2.9

Using the above relation between ¥; and ¥;", compute the methods for k = 1,2,3. We omit the
solution of this problem.

2.6. General linear multi-step methods
The general form of these methods is
k k
Y ciyn-i+hY Bifu-i=0.
i=0 i=0

Since the equation is homogeneous we can assume that oy = —1. The method is explicit if By = 0.

Let us define two generating polynomials:

k k
p&)=Y g, o(§) =Y BE
i=0 i=0

Theorem 2.2

The linear k-step method is of order r if and only if

P(1+&)+I(1+8)0(1+8) =cr1&™ + O(E™?), crp1 £0. (2.6.1)

Remark 2.5

For r > 0 we evaluate (2.6.1) at & = 0 and obtain
p(1)=0. (2.6.2)
Moreover, for r > 1 we can derive (2.6.1) first and then evaluate it at & = 0. Then
p'(1)+0c(0)=0. (2.6.3)

Conditions (2.6.2) and (2.6.3) guaranty the consistency of the method.

The equation (2.6.1) enables us to compute the polynomial o if we know p and vice versa. Let’s

recall:

1 1 z 22 197
S SR T AT
m(itz) 2z 12724 720
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Example 2.10

Compute the generic polynomials for the Adams method.

k
Solution: We have y, =y, 1+h Y ﬁi(k) Jfa—i- If we move all the variables to one side of the
i=0

k
equation we get —y, +y,—1+h Y, Bl.(k) Jfn—i = 0. So, we conclude
i=0

p(&)=—E+g=E"11-¢).

Let’s compute the polynomials for kK = 2 when we have an explicit method:

p(l+2) 2
142) =P 0 52,
o(l+z) 1n(1+z)+ (z%)
We have
1 1 z 2 197 2
1 =—|-4+-——+———4...] (1 (= 7
o(l+z) (2+z 12+24 =50 ) (14+2)-(—z2)+0(z°)
1 1 z Z2 192
_ AN T G 2
—(z+z)<2+Z TR 720i...>+ﬁ(z)
1 3
=1 724+ 0(P)=1+=
+z+22+ (z%) +2z
thus 3 L3
G(f):1+§(5—1):—§+55
The method is:

1 3
Yn = Yn-1 +h <_§fn—2 + Efn—l)

Now let’s determine the implicit method for k = 2. In this case o is a quadratic polynomial.

p(l+2)

In(1+z) +O()

o(l+z)=-—

Similarly as before we compute (1 + z) till the quadratic degree, that is

o(1+2) = 1 +2+ 2 Z2+ﬁ(3>—1+3 22
S T R A R D
Hence,
3. 3 5., 5. 5 1 2. 5,
o(&) =148 o+ 8 gt = T3ttt Rs

The method is given with
1 2 5
Yn=Yn-1t+h <_Efn—2 + gfn—l + Efn) .
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L]

If we want that the method is stable, it has to be at least stable for the simplest equation y’ = 0. The
numerical method

k n
Y ot ith) Bifai=0
i=0 i=0
is simplified to a difference equation

k
Z Oiyn—i = 0.
i=0

We use the substitution y; = A¥ and get

k
Y oA T =0= oA+ A+ oA =0 AR 0

= oA+ A+ =0
= p(A)=0

The general solution is of the form
yn—zpl A, deg(pi) =m;i—1, Zmz—k

where m; represents the multiplicity of the zeros A;, i = 1,2,...,m.
We would like that y,, — ¢ < o when n — oo. What has to hold for the zeros A;? If |A;| < 1 then the

requirement is fulfilled. If |A;| = 1, then A; has to be a simple zero.

Definition 2.1

The method is zero-stable if
() p(z) =0=|z| <1,

(i) p(z) =p'(2) =0=|z| < L

The linear multi-step method converges if it is zero-stable and consistent, i.e., p(1) =
0, p'(1)+o(1)=0.
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Example 2.11

We have given the following method

1 h
Yn = D) (yn—l +2yn—2 _yn—3) + 6 (13fn—1 —8fn—2 +fn—3) a

(a) Compute the generating polynomials.

(b) Compute the leading coefficient of the error.
(c) What is the order of the method?

(d) Is the method zero-stable?

(e) Is it convergent?

Solution:

(a)
pE) =—E+5E+E—3, of)=E-SE+.
(b)

1 1 5 5
p(l+z) = _(1+Z)3+§(1+Z)2+(1+Z)—§ = —z3—§z2—z: -z (z2—§z+1),

13 4 113
o(l+2)=c(1+2) =21+ + = £ +32+1.

We have

5 2 7 13
p(1+2)+In(1+z)o(l+2) = —z3—§z2—z+ <z—%+%i...> : (Fz2+3z+l).

If we consider all the elements in the sum, the coefficients at z, 72 and 73 are equal to 0. Further,

the coefficient at z* equals —% = ¢4 = Cr4+1- S0, the leading coefficient of the error is —%.

(c¢) From the above we conclude that the order of the method is » = 3. Since r > 1, we have

consistency.
(d) The roots of the polynomial p:

1

P =0 ~E(E -+ 5(E - ) =0 (5-& ) (G- DE+1) =06 & =5 faa =21

Since |§,| <1,i=1,2,3, and all zeros are simple, we conclude that the method is zero-stable.
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(e) Since it is consistent and zero-stable, the method is convergent.

Letp(&) =&3— &2+ L& — 1. Compute o so that the order of the local error is at least 4 and

that the method is explicit. Is the method zero-stable and/or convergent?

Solution: We want to determine ¢ (1 +z) = Az> + Bz +C.

1+ 1 5
p(l1+2z)= (1+Z)3—(1+Z)2—|——Z—— =2 +27%+ 22
4 4 4
Since the method is of order 4, the coefficients with z,z? and z* in p (1 +z) +In(1 +z)o (1 +2) have

to be 0. So,

4
=(31C)et(24B-5C) 2+ 1+A——B+ C 2.

5 1 11
S4C=0, 24B—-C=0, 1+A—-B+-C=0.
;TC=0, 24B-5C=0, 1+A— B+:C=0

By solving this system we get

5 4
p(142) +In(1+2)0(14+2) = +22+ 22+ (z——+z——z—i...> (A2 +Bz+C)

Therefore

91 21 5
A= Py 7
Hence, s s
91 , 21 o1, 7, 2
l4g)= 2 g2 ey - gy le 2
o(l+2)=—pr -5ty 0l)=—5 &+~ o

and our method can be written as

1

—~Yn-2

O:yn_Ynfl+4

1 91 7 25
- Zyn73 +h (_Efnl + gfn72 - @fn?&) .

Since r > 1, we have consistency. The zeros of p(§) are §; =1,8,3 = j:%i. Since |§| < 1,i=1,2,3,

and all zeros are simple, the method is zero-stable. Thus it is also convergent.

[ )
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2.7. BOUNDARY PROBLEMS

2.7. Boundary problems

We are solving differential equations of order 2 with two boundary conditions.
y" = f(x,y,y") + boundary conditions

2.7.1 Linear boundary problem

Y'(x) + p()y'(x) +q(x)y(x) = r(x),  y(a) =@, y(b) =B
=Ly(x)

The numerical methods for solving the linear boundary problems are:

1. Combination of the initial problems. We choose different y; and 7» and solve two initial

problems to compute y;(b) and y,(b). That is, we have the following equations

(a)=n,
(@) =P

,\,\_\
YounS ~~
= =
S~— N~—
_|_
QR
—~ —~~
= =
SN—r N—
R
®) [y
~~ —~~
= =
S— S—
I
~N ~N
—~~ —~~
= =
N— N—
< <
[\*) I
—~ —~
8 =
S~— N—
I

i (x) + p(x)y
3 (x) + p(x)y

y
Y

NS =~

a?
a?
By combining y; and y, we get the real solution as

y(x) = Ay1 (x) + (1 —A)y2(x).

Clearly,
Ly(x) =r(x), yla)=a
From
y(b) =Ay1(b) + (1 —A)y2(b) = B
we compute

2. Difference method. The most commonly used method for solving boundary problems is based

on the approximation of the derivative

Y'(x) + p(x)y (x) + q(x)y(x) = r(x). (2.7.1)

Often, we are already satisfied with a method of order 2, where the first and the second
derivatives are approximated with differences of order > 2. The interval [a, b] is divided into

n equidistant intervals with points a = xo < x| < ... < x, = b, where x; = xo +ih and h = Ax;.
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2.7. BOUNDARY PROBLEMS

We use the following approximations

y/(xi) — y(Xi+])2_}ly(Xi_]) + ﬁ(hz),
Xit1) — 2y(x;) + y(xi—
yll(-xi):y( l+1) y}le) y( i 1)+ﬁ(h2)
We solve equation (2.7.1) in all the points x;, i = 1,2,...,n— 1. Let us use the notation

pii=p),  qii=qxn), ri=rla),  yii=yn).
We get the following system of equations

Yit1 —2yi +yi-1 o, YL Yin
2 P "on

+Qlyl:rli i:1,2,-~',n_1; (2.7.2)

where yyp = a and y,. | = . With this we have that the variables in our system are y,y2,...,V,_1.
Since the system is tridiagonal, it can be solved very efficiently.
We can also use the difference method if our boundary conditions contain derivatives, that is, if we

have boundary conditions of the form:

ouy(a)+Piy' (@) =n, onyb)+ B (b) =1
The above derivatives are approximated with

Nyl_y—l Nyn—O—Z_yn

/ /
y (XO) 2% y Y (xn+1) ~ 2% ’

where y_; and y, 1, are the so-called virtual variables. By applying these relations in our boundary

conditions, we can express

V-1 =q1(00,Y1), Yn+1 =q2(Yn—1,Yn),

which we put into the equation (2.7.2) for i = 0 and i = n.

Example 2.13

Solve equation
Y4y —y=x, 3y(0)-Y(0)=1,Y(3)=1

for h = 1 using the difference method.

Solution: We have to solve the system

Yi+1 —Yi—1

D) —Yi =X, i:()7172737

Yir1 —2yi+yi-1+4-
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2.7. BOUNDARY PROBLEMS

or equivalently

3yiy1 —3yi—yi-1=x;, i=0,1,2,3.
For i = 0 and i = 3 we have to introduce variables y_1 and y4 which can be expressed as
y-1=2-=6yo+y1, ya=2+ys.
Hence, we have

)
3y1—=3y0—(2—6y0o+y1) =0
3y2—=3y1—y0 =1
3y3=3y2—y1 =2

\ 32+y2)—=3y3—y2 =3
2y1+3y0 =2
o 3y2—=3y1—y0 =1
3y3—=3y2—y1 =2
[ 342y =3
In the matrix form we obtain
3 2 0 0 Yo 2
-1 -3 3 0 yi| 1
O -1 -3 3 2 2
o o0 2 -3 v3 -3
The solution is then
Yo %
1
1 _| 2
2 %
3 3

2.7.2 Non-linear boundary problems. Shooting method

We are solving the DE

Y'=fxy,y)
where f is a non-linear in y and y’. The boundary conditions are y(a) = o and y(b) = . Now, we
can not transform the problem to appropriate combination of initial value problems. Furthermore,

using the difference method, we get a non-linear system with lots of unknown variables, so the

Newton’s method would not work. However, we can use the so-called shooting method, which we
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2.7. BOUNDARY PROBLEMS

describe now. We transform first our problem to the initial value problem

Yi=fxyy), ya)=a,y(a) =y (2.7.3)

where we denote the solution with y(x;v). We are looking for v* such that y(b;v*) = b. Let us define
the function E(v) = y(b;v) — B. We are looking for the roots of the function E. We can use an
arbitrary method to compute the zeros of a non-linear function: bisection, tangent method, secant
method, etc.

Let us consider more precisely the tangent method. We perform the following iterative procedure:

E(vy)

vo is chosen arbitrary, v, =v, — ———.
E'(v,)

For v =v,, we have E(v,) = y(b;v,) — B, where y(b;v,) is the solution of the initial value problem
(2.7.3) for v = v,. How do we compute E’(v,)?

B = 2E0)| =5 000 -B)| =S

x=b,y=v, x=b,y=v,

Let us define the function z(x;v) := %y(x;v). We are looking for z(b;v,). Let us differentiate our

equation y” = f(x,y,y’) with respect to variable v:

Oy 9 (P N_9(dN\N_9 _,
) ovia2Y) Tox\av) T ot Tt
0 N, Ox d [(d \ ,
Ef(x,y,y)—fx-$+fy-z+fy/-$ <$y) = fHizt+ fyz
Hence,
"= fiz+ fyd

and the boundary conditions are
z2(a;v) =0, 7 (a;v) = 1.

We solve this initial value problem and z, is the value of E'(v,).
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Partial differential equations

We come across them in numerical problems in physics, finances, economics, etc. We will consider
three model equations and how to solve them: Poisson’s equation, Wave equation and Heat equation.
We will only consider functions of two variables x and y, where with u(x,y) we will denote the
solution of the PDE. The simplest type are the equations of second order. Let us look at the so-called

quasi-linear equations of the form
Aty + bty + cutyy, = f(X,y,u,uy,uy). (3.0.1)

We distinguish three types:
e elliptic type (Poisson’s equation): b* —4ac < 0.
e parabolic type (Heat equation): b*> —4ac = 0.
e hyperbolic type (Wave equation): > — 4ac > 0.

We say that the PDE has a canonical form if it does not contain the mixed derivative u,,. If we have

a linear PDE of second order
auxx+buxy+Cuyy+€ux+guy+ru :f(x7y)>

where a,b,c,e, g, r are constants and b # 0, we have to determine new variables p := p(x,y) and

q := q(x,y) such that the equation with variables p and ¢ is of the form
Let us rotate the xOy coordinate system for the angle o which is determined with the equation

(3.0.2)

tan(2at) =
a—c
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The new variables are of the form

pi=xcos+ysin®, ¢:=—xsinQ@-+ycosd.

ey = (tt)x = (tp - P+ g - @) x = (UpCOS QL — 1ty SIN ) = 14, COS” O — 2t SIN CLCOS A + 1ty i X,

yy = (Uy)y = (1 COS O — 1y SIN )y = 1y, COS OLSIN & + U py (COS O — $iN? ) — Uy COS ALSIN A,
Uyy = ... = Upp sin® o + 2Upg SIN QL COS O + uqqcos2 Q.
‘We have that
Aty + by + cityy = Aupp + Cygq + Bitpg,
where

A = acos® o+ bsinacosa + csin® a # 0,

2

C = acos®>a— bsinacos o + csin® o # 0,

and we claim that B = 0. Indeed

B = —2asinacos o + b(cos® o — sin” o) + 2csin o cos o
= —asin2a+bcos20 +csin2a
= (c—a)sin2a+bcos2a = 0.

The last equality holds since (3.0.2). Some PDEs in canonical form are:

e parabolic type - heat equation
= it + f(x,1)

e clliptic type - Poisson’s equation
Au = _f (x Y )7

and for f = 0 we have the Laplace equation.

e hyperbolic type - wave equation
U = kzuxx +f(xat)‘
As in the case of ODE to have uniqueness of the solutions, we need boundary and initial conditions

(when the time variable is involved).

If we are looking for the solution on a domain Q C R2, then the boundary conditions can be:
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e Dirichlet’s condition. We are given the value u at the boundary, that is u(x,y) = g(x,y) for
(x,y) € 0Q.

e Neumann’s condition. We are given the value of the first derivative of u in the direction of the

normal to the boundary, that is %(x,y) = g(x,y) for (x,y) € Q.

e Robbinson’s condition. Linear combination of the Dirichlet’s and Neumann’s condition.

If one of the variables is the time ¢, then additionally the initial conditions for # and it’s derivative

are given at t = 0. We have good numerical methods for solving such PDE:s:

e difference method

e finite elements method

e collocation

e boundary elements method

e isogeometric analysis

Let us consider more precisely the difference method. Let 2 denote the computational domain and

let us split the x— and y—axis equidistantly as

xi=xo+iox, i=0,1,...,

Let us denote with Qg all the intersections of two lines inside the domain and with dQg the
intersection of one line and the boundary of the domain (see Fig. 3.1). In all the points of Qg or

dQs we solve the PDE so that we approximate the derivatives in the differential equations.

For example, let us look at the Poisson’s equation

Uxx + Uyy = —f.

We know what the approximations for y’ and y” are from the boundary problems for ODE, i.e.,

—2yi+yi1
2

() = HH I o),y () =2

O(h?).
o +0(h7)

Hence,

L Migj = 2uij i o Wiyl = 2ij Ui j1
uxx(xiayj) ~ F3% ) uyy(x,-,yj) ~ 6)/2 :

Similarly we can compute u, and uy.
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3.1. PARABOLIC PDE

wij == ulrg, )
Y
Q
J
dy

L 5 e f

Figure 3.1: Discretized domain Q.

3.1. Parabolic PDE

The model equation is the Heat equation
U = Uyxx,
where the domain is Q = [0, 1] x [0,7]. The boundary conditions are

w(0,1) = g(t), u(l,1) = h(r).

Note that in several variables the equation would be of the form u; = Au. In time direction we denote

the distance by 0. We equidistantly divide the interval [0, 1] with n+ 2 points 0 = xp < x] < ... <

xp+1 = L. If we use symmetric differences in all of the points (see Fig. 3.2) we get

Wij+1 —Uij—1  Uitlj—2Uij+ Uiy

26t S5x2

Let us define the so-called Courant’s number

ot

A:@
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3.1. PARABOLIC PDE

Ty

ot

0 >
dar i 1

Figure 3.2: Discretisation of domain € and the “star”” used when applying symmetric differences.
Then our equation becomes
i 1 = i jo1 +2A (i1 j = 2uij + iy j)-
n+1

By defining u; := (u; ;)7 we get

—4A 24
uj I 0 Uj—1 ’

This notation reminds us to the power method. That method converges iff

24 —4A

p(R) =max|A| <1, A eigenvalues of R,
1

Al
where R is the iteration matrix. In our case, R = (I O) . But, since
detR = JAi = =1,
i
we have that p(R) < 1 if all the A; are &1, but this does not have to be true always. This means that

the symmetric difference method in time and space leads to numerical problems. Next idea is to

choose forward one-step method or backward one-step method in time direction, instead of using
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3.1. PARABOLIC PDE

the symmetric difference. That is

u(xiytj) = —”"’f*ét_ Yo o u(xt) = Lt _(;;’?f‘l +0(81).

With this our equation becomes

Wijyl —UWij Uiyl — 2+ i,

St Sx2

By multiplying with 8¢ and using A we get
Ujjr1= ),u,;l’j +)Lui+1,j + (1 — 27L)u,~j,
which represents the so called explicit difference method.

H.I._IJ:_'J

@ @

i1, (o Uit1,j

Let us consider the local error (Ds — D)u;;j, u;j = u(x;,t;), where

Wijr —Wij  Uierj—2uijtuia; 9 9
ot Ox? ’ " odt ox*

Dgu,'j =

Let us expand u; ;1 and u;+; ; into the Taylor series around u;;. We get:

512
Ujj+1 = Ujj+ 5t(ur)ij + T(Mtt)ij +...
5x2 85x° 5x*
uir1,j = uij £ 0x(uy)ij+ T(uxx)ij +... =+ ?(uxxx)ij + H(uxxxx)ij +...
Therefore
6t 6X2 2 4
(D = D)uij = —(un)ij — ~5 (axee)ij + € (617 +6x%)
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3.1. PARABOLIC PDE

A 1
= 6.x2 <5(utt)l'j — E(Mxxxx)ij) + o (5l2+ 5X4) .

Since u; = u,,, it follows

AP P (NP
o\ o) T o o) T ot T e
If we choose A = % we get

Ds—D)u;j = 0 (81> + 6x*).
( Juij =0 (

Example 3.1

Solve u; = u,, with the conditions

2x, 0

u(0,¢) =u(1,t) =0, Vt; ”(x=0):{2(1_x) 1
> 2

Take 6x = 1—10 and 8t = ﬁ. Calculate the values fort = 0t.

Solution:

(o} O O O O O O O O O O
o 1 2 3 4 4 4 3 2 1
5 5 5 5 5 5 5 5

The method for A = % equals

1
Ujjy1 = g(ui—l,j + i1, +4uij).

Straightforward computation gives the solutions

14 I .
Ea uizga u10—-i = Ui, l:1727374'

us =

Let us also consider the implicit method. Let
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We get
Wij — Wij—1 _ Uit),j—2Uij+ Ui,

St S5x2

or equivalently
(1 +2)L)l/tl‘j - )LMH_L]' — QLM,'_L]' =Ujj—1-

Lj A .
=1 i it

H.I._IJ:_'J

We obtain a tridiagonal linear system with matrix

1+24 -4
A 1421 -4

—A 1421

This method converges for any A > 0.

There also exists a method which combines the implicit and the explicit method, thus a method

of higher order in time. This method is called the Crank-Nicolson method.

Wi j+1 Wi-1.j i Uit Wi-1,j+1 Wi j+1 Wis1,j+1

i j—1 Ui—1,5 Ui Uit

We take the average of both methods, that is

Wijpt —tij 1 (i j— 20w Wiyt — 201
ot 2 ox2 ox2 '
Again, we get a tridiagonal system. It converges for all A > 0 and the error is €'(5t> + 8x?).
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When considering heat equation in higher dimension, i.e.,
w=Au, (x,y)€[0,1=:Q,
with the conditions
u(x,y,0) = f(x,y); ulx,y1) =g(x,y.1), (x,y) € 0Q,

then, for example, the explicit method is of the form

Ui jh+1 — Uijk Wil jk— 2Uijk + Ui—1 jk

Wi jr1 ke — 2Uijk + Ui j1k
ot ox2 '

1 ke

3.2. Elliptic PDE

We will consider the Poisson’s equation in 2D
TUxx — Uyy = f
on the domain Q = [a, b] X [c,d]. The boundary conditions are

M(xay) :g(xay)a (x7)’) € odQ.

Again, let us consider the difference method. We cover the domain Q with a net determined
by the equidistant division of [a,b] with points a = xg,X1,...,Xs,X,+1 = b and [c,d] with ¢ =
Y0, V15--+,Ym,Ym+1 = d. The second partial derivatives with respect to x and y are approximated

with symmetric differences, thus we have a 5-point scheme:
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3.2. ELLIPTIC PDE

Ui j+1

i1 i ,
i=1J i Uit1,j

Ui j—1

with the equation
iy = 2wty wge — 20 g o

ox2 8y? = Jir

Let’s define
1 2 2 2(8x*+ 6y

827 8x2 * 0y? B 0x28y

By multiplying the above equation with §% we get
Uij — Ox (U1 j+ uim1,j) — Oy (i ju1 +uij—1) = fi;87,
where 5.2 5.2
O, = 5s o s, Oy = s
2(6x% + 6y?) 2(6x% 4 6y?)

We introduce the notations

wj = (uij)izy, wi=(u;)isy, fi=(fij)icy, lh=id e R"™", L, =

67
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3.2. ELLIPTIC PDE

Now our equation is of the form

©x80,j
0
(I = Ox (L + LY)uj = Oyl (uj y +ujp) =8 fi+ | 1 |, Vjie{l,2,....m}
0
_®xgn+1,j_
We construct the following tridiagonal block matrix:
[ 1 -e, -0, |
-0, 1-06, -0,
-0, 1 -0,
-0,
-0,
-0,
A=
-0,
-0,
-0,
-0, 1 -0,
-0, -0, 1-06,
L —0y -6, 1]]
We get the linear system:
B 7 r 7 m
®yu0 ®ng,j
0 0
Au=8f+| + |, &f=|fi+
0 0
_®yum+1_ _®xgn+1,j_ =1
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3.2. ELLIPTIC PDE

We got a block tridiagonal system. In each row we have at most 5 non-zero elements. Hence,

for solving it we will use some iterative method: Jacobi’s method, Gauss-Seidel’s method,
SOR method, ADI method, ...

Remark 3.4

For 6x = 6y, we have that@x:(ﬁy:%and we get
T -1
-1 T -1
-1 T
where
4 -1
1 4 -1
T =
1 4

The local error of the 5-point approximation is 7(x,y) = (Au— Agu)(x,y). We have that

Agulx.y) = u(x+6x,y) — 2u(x72y) tulx—dny) Xy +oy) - 2u(xz,y) +ulx,y—38)
ox 5y
52
u(x =+ 0, y) = u(x,y) £ Seux(x,y) + ?xuxx(x,y) +...
2
u(x,y+8)) = u(x,y) £ Syuy (x,y) + Sty (x,3) £ ..

Hence,

1
t(x6,y) = 55 (8 tteree(x,5) + 8y (x,) + (8] + 8.

If 8, = 8, = h, then
]’12

T(x,y) = B

(uxxxx(xyy) + MW)’)’(xvy)) + ﬁ(h4)
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Example 3.2

Solve the PDE

with the boundary condition u 9~ 0. Write the system, assuming we have a symmetry, for

the step sizes:
(a) ox=0y=h=1.
(b) Sx=8y=h=13.

(c) Assuming that the error can be expressed as u(xi,y;) = u;j +ch® + O (h*), can we get

in a simple way a better approximation for u(0,0)?

Solution:
(a) For 6x = 0y = h = 1 we have the equation

Wijpl = 2uij g1 Uigrj — 20 iy

B e —2.
Therefore
Wi jr1 F Ui j—1 i1 j+ uio1,j—4ui; = 2.
L
@ @
O O L =
- iy 1
@ o @
-1

In other words, since 7 = 1, we have only one equation
—duy=-2 = uy=

1
5
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(b) For h = % we get the equation

1
Wijrt i jot Ui Ui — A==

Assuming symmetry
u(x,y) = u(—=x,y) = u(x, —y) = u(y,x)

we get the scheme:

0 0 0
L 4 4 4 @
14 Uz 14
0 ¢ o— e o— ¢ 0
0 & ¢ 0
U g U
0 @ o o o ¢ 0
(5] o (5]
L @ @ @ @
0 0 0
We get the following system
4u1 — 2142 = %
—2u1 +4uy —uj = %
4ur — 4uy = —%
whose solution is
up 31 J0.34375
wp | = | & | | 04375
u3 ] 1 0.5625

(c) By the assumption for the step 4 we have that
1 2 4
u(0,0) = §+Ch +O(h™).
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Replacing & with %, we get

2

9 h

By multiplying the last equation with (—4) and adding it to the first equation we get
_ T 4 - 4
3u(0,0) = B +O0(h") =0.5833+ 0 (h™).

The exact solution is
u(0,0) ~ 0.589...

3.2.1 Solving elliptic PDE on areas with curved boundaries

Figure 3.3: Discretization of domain Q with curved boundaries.

Consider Fig. 3.3. We are given two points, u4 and up, on the boundary of the domain. The question
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is how to express (uo)xx and (ug),y. Let us write the Taylor series for u4 around the point uo:

h 2
tr = (o +1.30) = 0 + 1o (o)t P () .
Similarly,
h2
Ug = M(X() - hay()) = Uup — h(”O)x + ?(MO)xx +...
We have

h2
Yous+us = (1+y)uo+ ?}’2(1 + %) (uo)xx+ - - -,

or equivalently

(o) 2up L 2uy 2u
up)xx = = .
T () ()i ph?
Analogously, we get that
2up 2u3 2u
(uo)yy =

+ — .
n+yk> - (I+y)h>  nh?
If we want to solve the equation Au = f in the point (xg,yo) we obtain the equation

A ws o up w3 w(ntp)
nl+n)  (+r) nl+n) (+n) nr

Example 3.3

Solve the equation Au = 0 over domain €2, shown bellow:

1 2
= S f.

The boundary conditions are u = 0 over the bottom line and u = 1 over all of the other lines
of dQ. Find the approximants for u(1,1),u(2,1) and u(2,2).
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Solution: Point u; is a ’standard” point, hence, we have the equation

1—2ur +uy +u3—2u2—|—0 .

1 ] 0 = wu—4up+u3=-—1.

For the point u; we have y, = 1 and , = % Then

1 1 .3 11
E—l—%—i—ﬁ—{—O—ullz:O = —6u1—|—u2:—?.
2°2 2

For u3 we have v, = % and y, = % Therefore

4 2 4 2u

We get the following system

up—4uy+uz =-—1 1 -4 1 1731 —1
—6ui+u, =—45 = -6 1 0| |wm|=|-%
u2—6u3 =-5 0 1 —6 us -5

The solution of the system is

uj 0.7222...
uy | = 10.6666...
u3 0.9444. ..
For h = % we get following scheme
3
2
L3F L%
1 U2 Uiy
1
g tuy g tg (o)
U U Uz Uy Uy
1 2 3
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3.3. HYPERBOLIC PDE

The only "non-standard” points are ug and u;5. For ug we have that y, = % and ¥, = %. Thus, we

have 4 2u; 16 4
§+%+?+%—6u6:0 —  6uy —45ug 4+ Suy = — 34,

For u;5 we also have y, = % and ¥, = %. Hence,

6u13 —45u15 + Su14 = —34.

After some computations, we get the following system

4 1 0 0 0/1 0 0 0 0[0 0 0 0 07w 1
1 41 0 0[/0 1 0 0 0[0 0 0 0 0 ||u 0
01 4 1 0[0 01 0 0[/0 0 0 0 0 |]|u 0
0 0 1 4 1[0 00 1 0[0 0 0 0 0 ||u 0
0 0 01 -4/0 0 0 0 1[0 0 0 0 0 |]|us 1
6 0 0 0 0[45 5 0 0 0[0 0 0 0 0 |]|u 34
01 0 0 0|1 410 0[0 0 0 0 0 |]|u 1
00 1 0 0[O0 1 41 0[1 0 0 0 0 ||ug|=] 0
00 0 1 0/0 0 1 4 1[0 1 0 0 0 |]|u 0
00 0 0 1/0 0 0 1 -4/0 0 1 0 0 |]upo 1
0 00 0 0[O0 01 0 041 0 0 0 |]|uy 2
00 0 0 0/0 0 0 1 0|1 4 1 1 0 |]up 0
00 0 0 0/0 0 0 O0 1[0 1 -4 0 1 |]us 1
00 0 0 0/0 0 00 0[0 1 0 -4 1 |]|uy 2
00 00 0[]0 0 0 0 0|0 0 6 5 -45] |ws] | -34]

3.3. Hyperbolic PDE

The model equation is the wave equation
w; = 0y, on [0,1] x [0,T].

The boundary conditions are
u(0,t) = u(l,t) =0,

and the initial conditions are

u(x,0) = f(x), u(x,0) =g(x).
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3.3. HYPERBOLIC PDE

One possible method to solve this equation is the following. Let u;; ~ u(x;,t;). By using symmetric

differences we get
i1 —2uij+uij—1 o2t — 2uij+ui-1;

612 Sx?

282 .
%. We get the equation

Let us denote the Courant’s number A2 =
N G, A YR S [ S
Ui j+1 _ul]( )+ ul+l,1+ Ui—1,j — Ui j—1,

which represents the explicit method for solving the wave equation.
We know u(x;,0) = u; o = f(x;). To get u; ; we express the point u; | = u(x;,11) in the Taylor

series around u(x;,0),
2

t
ui 1 = u(x;,0) + 8tuy (x;,0) + TM,,(xi,O).
Since uy; = 0?1, (x;,0) and

u(x;11,0) —2u(x;,0) +u(x;_1,0
uxx(xi70): ( as ) ((lez ) ( =l )

we obtain )

i = )+ 1g(0) + (a1~ 2£(x) + £ ),

or equivalently
A 2

ui; = 8tg(xi) + (1 =A%) f(x;) + T(f(xﬂrl) — f(xi-1)).

The method converges for all A < 1. There exists also an implicit method which converges
for all A.

Remark 3.6

The method can be expressed in a matrix form uj = Au; —uj_y, where u; = (u;;)}_, and

2(1—A?%) A2
A? 2(1-22%) A?

A2 2(1-22)
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3.3. HYPERBOLIC PDE

Example 3.4

Solve the wave equation u;; = 4u,, with boundary and initial conditions

u(0,7) =u(1,t) =0, u(x,0)=sin(mx), u(x,0)=0, x € [0,1]

and Ot = 1L07 A = 1. Write approximations for levels t € {0, 5¢,26¢}.

Solution: From ¢ =2,A =1 and 0x = %, we compute

ox-A 1
ot = = —.
o 20
Letx; = {5, i=0,1,...,10. Then
t=0:
u; o = sin(7mx;),
_ 1.
t= 20 - |
Uiy =7 (sin(7wx;—1) +sin(7x;1)),
_ 1.
t= 10 -

uip =2(1—4uiy +4(uip 11 —ui1,1) —Uip

= —sin(zx;) — 3 (sin(7wx;—1) + sin(7x; 1)) + 2 (sin(7wx;—2) + sin(7x;42)) -
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