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Let r : [a,b]→ R2 be a planar polynomial parametric curve

r(t) =

(
x(t)
y(t)

)
,

where

x(t) =
n∑

k=0

ak tk and y(t) =
n∑

k=0

bk tk

are polynomials of degree ≤ n.
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Hodograph of a curve r is a vector field

r′(t) =

(
x ′(t)
y ′(t)

)
.

Curve r is a Pythagorean-hodograph curve, if there exists a
polynomial σ, such that

x ′(t)2 + y ′(t)2 = σ(t)2.

Such a curve will be (shortly) called a PH curve.
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PH curves have several important properties:

If a curve is a regular one (the derivative never vanishes), then
√

x ′(t)2 + y ′(t)2 = σ(t).

Their arc length

∫ b

a
‖r ′(t)‖dt =

∫ b

a
σ(t) dt

can be computed exactly (without quadrature rules).
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Unit tangent t is a rational curve

t(t) =
(x ′(t), y ′(t))

σ(t)
.

Application:

Any orthonormal adapted frame (first vector is a unit tangent) of
a spatial curve may define the motion of a rigid body.

It is important to have a rational rotation minimizing frame.

To have a rational unit tangent, the curve must be a PH curve.

662 30 Rotation–minimizing Frames

Fig. 30.1. A space curve (left) defining the center–line path for the motion of an
ellipsoid (the initial orientation is specified by the Frenet frame at the start point).
Sample orientations of the ellipsoid are shown along the path, in accordance with the
Frenet frame (center), and rotation–minimizing frame (right). Careful comparison
reveals that the Frenet frame motion incurs “unnecessary” rotation in the normal
plane — a comparison of the total rotation rates is provided in Fig. 30.5 below.

Fig. 30.2. Variation of Frenet frame (center) and rotation–minimizing frame (right)
for the example in Fig. 30.1. These two frames have the same initial orientation,
shown on the left. For clarity, the basis vector defined by the tangent (the same for
both frames) is omitted: only the basis vectors in the curve normal plane are shown.

For a smooth space curve, it is possible to identify vectors u and v in the
normal plane that comprise an orthonormal frame in conjunction with t, and
exhibit the “least possible” amount of rotation in that plane (consistent with
the twisted nature of the curve) as we traverse the curve. Such vectors (t,u,v)
form a rotation–minimizing frame [283] on the given space curve. The vectors
u, v can be defined in terms of p, b by rotating the latter about t through
an angle θ with a known dependence on position along the curve.

Determining the angular displacement θ of the rotation–minimizing frame
(RMF) relative to the Frenet frame involves an integration of the curve torsion
with respect to its arc length. For general polynomial or rational curves this
requires numerical quadrature, but for spatial PH curves the integrand is a
rational function of the curve parameter, and admits closed—form integration
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Their offset curves

rd (t) := r(t) + d n(t),

where d > 0 and n(t) is a unit normal to r at parameter t ,

n(t) :=
(−y ′(t), x ′(t))√
x ′(t)2 + y ′(t)2

,

are rational curves.

If the degree of r is n, then the degree of rd is 2n − 1.

17.5 Rational Offsets of PH Curves 391

O6 =
1

42
[ 5σ4P2 + 20σ3P3 + 15σ2P4 + 2σ1P5

+5d (2∆P⊥
1 + 15∆P⊥

2 + 20∆P⊥
3 + 5∆P⊥

4 ) ] ,

O7 =
1

18
[ 5σ4P3 + 10σ3P4 + 3σ2P5 + 5d (3∆P⊥

2 + 10∆P⊥
3 + 5∆P⊥

4 ) ] ,

O8 =
1

9
[ 5σ4P4 + 4σ3P5 + 5d (4∆P⊥

3 + 5∆P⊥
4 ) ] ,

O9 = σ4P5 + 5d∆P⊥
4 .

Figure 17.2 illustrates the control polygons specified by the above formulae,
and the offset curves they define, for some PH quintics. Since the offsets are
rational curves (each control point having, in general, a different weight Wk)
the control polygons of the offsets are not necessarily intuitive indicators of
the shape of the curves they define. Figure 17.3 shows that, as d increases, the
offset curve control points move uniformly along straight lines.

Fig. 17.2. Left: Bézier control polygons for degree 9 interior and exterior offsets to a
PH quintic (note that each control point has a different weight). Right: the rational
offsets are exact for every d — even when they develop cusps and self–intersections.

Fig. 17.3. Control polygons for offsets at two different distances d from a PH quintic:
as d increases, the offset control points move uniformly along certain straight lines.
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Theorem (Kubota)

The Pythagorean condition

a2(t) + b2(t) = c2(t)

is satisfied by polynomials a, b and c iff there exist polynomials u, v
and w, such that

a(t) = w(t)
(
u2(t)− v2(t)

)
,

b(t) = 2 w(t) u(t) v(t),

c(t) = w(t)
(
u2(t) + v2(t)

)
,

where u and v are relatively prime.
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From the theorem it follows that the hodograph of a PH curve has to
be of the form

x ′(t) = w(t)
(
u2(t)− v2(t)

)
,

y ′(t) = 2 w(t) u(t) v(t).

(the order is not important, since PH curves are rotational invariant).
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We will now eliminate some uninteresting cases:

w = 0 or u = v = 0; PH curve r is a point,

u, v and w 6= 0 are constants and at least one of u or v is
nonzero; PH curve is uniformly parameterized straight line.

u and v are nonzero constants, w is not a constant; PH curve is
nonuniformly parameterized straight line.

w 6= 0 and u = ±v or at least one of u, v equals zero; PH curve
is nonuniformly parameterized straight line.

Therefore, we will only consider cases, where u, v ,w 6= 0, and u, v
not both constants.

Such PH curves are of degree at least 3.
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PH curves have clearly less degrees of freedom than general
polynomial curves

Lema
PH curve of degree n has (at most) n + 3 degrees of freedom (n − 1
less than general polynomial curve of degree n).

Conjecture:

PH curve can interpolate n + 1 points in the geometric sense.

For prescribed parameters PH curve can interpolate at most
b(n + 3)/2c points.
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First interesting case are cubic PH curves, where w = 1,
max{deg(u),deg(v)} = 1.

Non-constant w(t) may produce irregular curves, if w has real
roots within the curve parameter domain. Therefore, we take
w(t) = 1. Then the PH curve is always of odd degree.

Let us write u and v in the Bernstein-Bézier form

u(t) = u0 B1
0(t) + u1 B1

1(t),

v(t) = v0 B1
0(t) + v1 B1

1(t),

where

Bn
k (t) =

(
n
k

)
(1− t)n−k tk

and assume u0 : u1 6= v0 : v1.
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We obtain the cubic PH curve

r(t) = (x(t), y(t))T =
3∑

k=0

pk Bn
k (t)

as

x(t) =

∫ t

0

(
u2(t)− v2(t)

)
dt ,

y(t) =

∫ t

0
2 u(t) v(t) dt .

13 / 24
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Theorem
Control points of a cubic Bézier PH curve satisfy

p1 = p0 +
1
3
(
u2

0 − v2
0 ,2 u0 v0

)T
,

p2 = p1 +
1
3

(u0 u1 − v0 v1,u0 v1 + u1 v0)T
,

p3 = p2 +
1
3
(
u2

1 − v2
1 ,2 u1 v1

)T
,

where p0 is an arbitrary control point, satisfying constants from
integration.

14 / 24
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Theorem (Characterization)

Let r be a cubic Bézier curve with control points pk , k = 0, . . . ,3.
Moreover let Li := ‖∆pi‖, i = 0,1,2 and let θ1 and θ2 be the control
polygon angles at the interior vertices p1 and p2. Then r is a PH
curve iff

L1 =
√

L0 L2 and θ1 = θ2.

400 18 Tschirnhausen’s Cubic

18.3 Unique Pythagorean–hodograph Cubic

Straight lines are, trivially, PH curves. The simplest non–trivial PH curves are
the cubics, with Bézier control points given in terms of the four parameters
u0, u1 and v0, v1 by expressions (17.5). The Bézier representation of PH cubics
is especially attractive because it admits intuitive constraints on the control–
polygon geometry that serve to identify PH cubics within the set of all cubics
(see Fig. 18.6). This structure reflects the fact that, as alluded to in §17.2, all
PH cubics are actually segments of a unique curve, Tschirnhausen’s cubic.

p0

p1

p2

p3

L0

L1

L2
θ1

θ2

Fig. 18.6. The geometrical parameters defining a cubic Bézier control polygon —
by Theorem 18.1, this cubic is a PH curve if and only if L1 =

√
L2L0 and θ2 = θ1.

Theorem 18.1 For a plane cubic r(t) with control points p0, p1, p2, p3 let
L0 = |∆p0| = |p1 − p0|, L1 = |∆p1| = |p2 − p1|, L2 = |∆p2| = |p3 − p2| be
the lengths of the control polygon legs, and θ1, θ2 be the control polygon angles
at the interior vertices p1, p2 as in Fig. 18.6. Then the conditions

L1 =
√
L2L0 and θ2 = θ1 (18.6)

are sufficient and necessary for the hodograph r′(t) to be Pythagorean.

Proof : Consider a planar PH cubic with control points of the form (17.5).
The lengths of the control–polygon legs are given by

L0 = |∆p0| =
1

3
(u20 + v

2
0) ,

L1 = |∆p1| =
1

3

√
(u20 + v

2
0)(u

2
1 + v

2
1) ,

L2 = |∆p2| =
1

3
(u21 + v

2
1) ,

and they clearly satisfy the condition L1 =
√
L2L0. Again using expressions

(17.5), the sines and cosines of the angles θ1, θ2 are defined by
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Planar PH curves are connected with complex numbers.

Let us identify
(x , y)T ∈ R2 → x + i y .

Planar curve r therefore becomes

r(t) = (x(t), y(t))T → z(t) := x(t) + i y(t).

Notation:

Π. . . regular polynomial curves in R2,

Π̂. . . regular PH curves in R2.
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Clearly
Π̂ ⊂ Π,

since there exist regular curves, which are not PH curves, e.g.,

z(t) = t + i t2.

Let us define the mapping P : z(t)→ ẑ(t) as:

w(t) := z′(t),

ŵ(t) := w2(t),
ẑ(t) :=

∫
ŵ(τ) dτ .

Here we assume z(0) = ẑ(0) = 0

.

17 / 24
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Theorem

Mapping P is a bijection from Π to Π̂.

Remark: Sets Π and Π̂ have the same cardinality.

Lemma:

If n is the degree of z and n̂ is the degree of ẑ, then

n̂ = 2 n − 1.

Corollary:

There are no regular PH curves of even degree.
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Let r : [a,b]→ R3 be a spatial polynomial parametric curve

r(t) =




x(t)
y(t)
z(t)


.

Curve r is a spatial Pythagorean-hodograph curve, if there exists a
polynomial σ, such that

x ′(t)2 + y ′(t)2 + z ′(t)2 = σ(t)2.
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Theorem (Kubota)

The Pythagorean condition

a2(t) + b2(t) + c2(t) = d2(t)

is satisfied by relatively prime polynomials a, b, c and d iff there exist
polynomials u, v, p and q, such that

a(t) = u2(t) + v2(t)− p2(t)− q2(t),
b(t) = 2 [u(t) q(t) + v(t)p(t)] ,

c(t) = 2 [v(t) q(t)− u(t)p(t)] ,

d(t) = u2(t) + v2(t) + p2(t) + q2(t).
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From the theorem it follows that the hodograph of a spatial PH curve
has to be of the form

x ′(t) = u2(t) + v2(t)− p2(t)− q2(t),
y ′(t) = 2 [u(t) q(t) + v(t)p(t)] ,

z ′(t) = 2 [v(t) q(t)− u(t)p(t)] .

If the polynomials u, v ,p,q are of degree n, then the PH curve is of
degree 2n + 1.
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Spatial PH curves are connected with quaternions.

Quaternions:

They form a 4-dimensional vector space H with standard basis
{1, i, j,k},

1 = (1,0,0,0), i = (0,1,0,0), j = (0,0,1,0), k = (0,0,0,1).

First component is a scalar part, other three components form a
vector part.

Let A = (a,a) and B = (b,b), a,b ∈ R, a,b ∈ R3, then

A+ B = (a + b,a + b), AB = (ab − a · b,ab + ba− a× b).

A∗ := (a,−a)
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Let A(t) = u(t) + v(t) i + p(t) j + q(t) k ∈ H.

Then

r′(t) = A(t)iA∗(t)
=
[
u2(t) + v2(t)− p2(t)− q2(t)

]
i

+ 2 [u(t) q(t) + v(t)p(t)] j
+ 2 [v(t) q(t)− u(t)p(t)] k.

Procedure:

r(t) :=

∫ t

0
A(t)iA∗(t) dt
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Thank you!
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