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Basics

A vertex cover is a vertex subset such that every edge is incident to
the subset.

The vertex cover number τ is the minimum size of a vertex cover.

A connected vertex cover is a vertex cover whose induced subgraph
is connected.

The connected vertex cover number τc is the minimum size of a
connected vertex cover.
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The Price of Connectivity

The Price of Connectivity [Cardinal, Levy, 2010]

For a connected graph G we define

PoC (G ) = τc(G )/τ(G ).

Here, τ = 5, τc = 6 =⇒ PoC = 6/5.

In general, 1 ≤ PoC < 2.
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Critical graphs

Critical graphs

We call a connected graph G critical if for every connected induced
subgraph H it holds that PoC (H) < PoC (G ).

τ(P5) = 2, τc(P5) = 3 =⇒ PoC (P5) = 3/2.

PoC = 1 for every connected proper induced subgraph of P5.

Thus P5 is critical.
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Critical graphs cont’d

Any cycle of odd length is critical.

PoC (C2k+1) = 2− 1/(k + 1).
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Critical trees

Special trees

Start with a tree.

Subdivide each edge.

Then attach a leaf to each leaf.

Such tree we call a special tree.

Observation

A tree is critical if and only if it is a special tree.
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Critical chordal graphs

Theorem

A chordal graph is critical if and only if it is a special tree.

Some steps of the proof:

. . . �
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