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1 Introduction

The O’Nan-Scott Theorem together with the Classification of the Finite Simple Groups is a powerful
tool that give the structure of all primitive permutation groups, as well as their actions. This
has allowed for the solution to many classical problems, and has opened the door to a deeper
understanding of imprimitive permutation groups, as primitive permutation groups are the building
blocks of imprimitive permutation groups. We first give a more or less standard introduction to
imprimitive groups, and then move to less well-known techniques, with an emphasis on studying
automorphism groups of graphs.

A few words about these lecture notes. The lecture notes are an “expanded” version of the
lecture - some of the lecture will be basically exactly these lecture notes, but in many cases the
proofs of some background results (typically those that in my view are those whose proofs are
primarily checking certain computations) are given in these lecture notes but will not be given in
the lectures due to time constraints. Also, the material is organized into sections by topic, not by

lecture.

2 Basic Results on Imprimitive Groups

Definition 2.1 Let G be a transitive group acting on X. A subset B C X is a block of G if
whenever g € G, then g(B)N B = 0 or B. If B = {z} for some x € X or B = X, then B is a
trivial block. Any other block is nontrivial. If G has a nontrivial block then it is imprimitive.
If G is not imprimitive, we say that G is primitive. Note that if B is a block of G, then g(B) is
also a block of B for every g € GG, and is called a conjugate block of B. The set of all blocks
conjugate to B, denoted B, is a partition of X, and B is called a complete block system of G.



There does not seem to be a standard term for what is called here a complete block system of

G. Other authors use a system of imprimitivity or a G-invariant partition for this term.

Theorem 2.2 Let B be a complete block system of G. Then every block in B has the same cardi-
nality, say k. Further, if m is the number of blocks in B then mk is the degree of G.

Theorem 2.3 Let G be a transitive group acting on X. If N « G, then the orbits of N form a
complete block system of G.

PROOF. Let z € X and B the orbit of N that contains x, so that B = {h(z) : h € N}. Let
g € G, and for h € N, denote by A/ the element of N such that gh = h'g. Note I/ always exists
as N <G, and that {h' : h € N} = N as conjugation by ¢ induces an automorphism of N. Then
g(B) = {gh(x) : h e N} ={h'g(z) : h € N} = {h(g(z)) : h € N}. Hence g(B) is the orbit of N
that contains g(z), and as the orbits of N form a partition of X, g(B) N B = or B. Thus B is a
block, and as every conjugate block g(B) of B is an orbit of N, the orbits of N do indeed form a
complete block system of G. O

Example 2.4 Define p, 7 : Za X Zs +— Za X Zs by p(i,j) = (i, + 1) and 7(¢,5) = (i + 1,25). Note
that in these formulas, arithmetic is performed modulo 2 in the first coordinate and modulo 5 in
the second coordinate. It is straightforward but tedious to check that (p,7) is a subgroup of the

automorphism group of the Petersen graph with the labeling shown below:

0,0)

(1,0)

\ 4 /
1,1)
(1,3)

(0, 3) 0,2)

Additionally, 771(4, ) = (i — 1,35) as

T (i, 7) = 7 i 4+ 1,2) = (i + 1 —1,3(29)) = (i, §).

Also,



T r(i, ) =7 i+ 1,2)) =7 i+ 1,25+ 1) = (i +1—-1,3(2 + 1)) = (4,5 + 3) = p°(i,5)

and so (p) < (p, 7). Then by Theorem [2.3| the orbits of (p), which are the sets {{i,j} :j € Zs} :1 €
Zs} form a complete block system of (p, 7).
Although we will not show this here, the full automorphism group of the Petersen graph is

primitive.

A complete block system of G formed by the orbits of normal subgroup of G is called a normal
complete block system of G. Note that not every complete block system B of every transitive
group G is a complete block system of GG, as we shall see.

Now suppose that G < &, is a transitive group which admits a complete block system B
consisting m blocks of size k. Then G has an induced action on B, which we denote by G/B.
Namely, for specific g € G, we define g/B(B) = B’ if and only if ¢g(B) = B’, and set G/B =
{9/B : g € G}. We also define the fixer of B in G, denoted fixg(B), to be {g € G : g/B = 1}.
That is, fixg(B) is the subgroup of G which fixes each block of B set-wise. Furthermore, fixg(B)
is the kernel of the induced homomorphism G — Sg, and as such is normal in G. Additionally,
Gl = G/BI - [fixa(B)!.

A transitive group G is regular if Stabg(z) = 1 for any (and so all) z.

Theorem 2.5 Let G < S, be transitive with an abelian regular subgroup H. Then any complete

block system of G is normal, and is formed by the orbits of a subgroup of H.

PROOF. We only need show that fixy (B) has orbits of size |B|, B € B. Now, H/B is transitive and
abelian, and so H/B is regular (a transitive abelian group is regular as conjugation permutes the
stabilizers of points - so in a transitive abelian group, point stabilizers are all equal). Then H/B
has degree |B|, and so there exists nontrivial K < fixy(B) of order |B|. Then the orbits of K form
a complete block system C of H by Theorem and each block of C is contained in a block of B.
As K has order |B|, we conclude that C = B. 0

Lemma 2.6 Let G act transitively on X, and let x € X. Let H < G be such that Stabg(z) < H.
Then the orbit of H that contains x is a block of G.

PROOF. Set B = {h(z) : h € H} (so that B is the orbit of H that contains z), and let g € G.
We must show that B is a block of G, or equivalently, that g(B) = B or g(B) N B = (). Clearly if
g € H, then g(B) = B as B is the orbit of H that contains z and = € B. If g € H, then towards



a contradiction suppose that g(B) N B # (), with say z € g(B) N B. Then there exists y € B such
that g(y) = z and h, k € H such that h(z) =y and k(z) = z. Then

z=g(y) = gh(z) = k(z) = z,

and so gh(z) = k(z). Thus k~'gh € Stabg(z). This then implies that g € k - Stabg(z) - h~! < H,
a contradiction. Thus if g & H, then g(B) N B = (), and B is a block of G. 0

Example 2.7 Consider the subgroup of the automorphism group of the Petersen graph (p7) that
we saw before. Straightforward computations will show that || = 4, and so |(p, 7)| = 20 as |p| = 5.
By the Orbit-Stabilizer Theorem, we have that Stab, . (0,0) has order 2, and as 72 stabilizes
(0,0), Stab, y(0,0) = (7). Then (r) < (p,7) and contains Stab, -y(0,0). Then the orbit of (r)
that contains (0,0) is a block of (p, ) as well. This orbit is {(0,0),(1,0)}. So the corresponding

complete block system of (p, 7) consists of the vertices of the “spoke” edges of the Petersen graph.

Just as we may examine the stabilizer of a point in a transitive group G, we may also examine
the stabilizer of the block B in an imprimitive group G. It is denoted Stabg(B), is a subgroup
of G, and Stabg(B) ={g € G : g(B) = B}.

Theorem 2.8 Let G act transitively on X, and let © € X. Let Q be the set of all blocks B
of G which contain x, and S be the set of all subgroups H < G that contain Stabg(z). Define
¢ :Q— S by ¢(B) = Stabg(B). Then ¢ is a bijection, and if B,C € Q, then B C C' if and only if
Stabg(B) < Stabg(C).

PRrROOF. First observe that Stabg(z) < Stabg(B) for every block B with = € B, so ¢ is indeed a
map from Q to S. We first show that ¢ is onto. Let H € S so that Stabg(z) < H. By Lemma
B ={h(z): h € H} is a block of G. Then H < ¢(B). Towards a contradiction, suppose there
exists g € ¢(B) such that g ¢ H. Then g(B) = B, and H is transitive in its action on B (Exercise
. Hence there exists h € H such that h(x) = g(z), and so h1g(z) = x € Stabg(z) < H. Thus
h~'g € H so g € H, a contradiction. Thus ¢(B) = H and ¢ is onto.

We now show that ¢ is one-to-one. Suppose B,C € Q and ¢(B) = ¢(C). Then Stabg(B) =
Stabg(C). Towards a contradiction, suppose that y € B but y € C. As Stabg(B) is transitive on
B, there exists h € Stabg(B) such that h(z) = y. But then h € Stabg(C) = Stabg(B) and so y
is in the orbit of Stabg(C) that contains x, which is C, a contradiction. Thus ¢ is one-to-one and
onto, and so a bijection.

Finally, it remains to show that if B,C € Q, then B C C' if and only if Stabg(B) < Stabg(C).
First suppose that Stabg(B) < Stabg(C). Then the orbit of Stabg(C) that contains x certainly



contains the orbit of Stabg(B) that contains z, and so B C C. Conversely, suppose that B C C.
Let g € Stabg(B). Then g(x) € B C C, and so z € CNg(C). As C is a block of G, we have that
g(C) = C so that g € Stabg(C). Thus Stabg(B) < Stabg(C). 0

Theorem 2.9 Let G be a transitive group acting on X. If = is an equivalence relation on X such
that x =y if and only if g(x) = g(y) for all g € G (a G-congruence), then the equivalence classes
of = form a complete block system of G.

PROOF. Let B, be an equivalence class of = that contains z, and x € X, g € G. Then

9(Bz) = {g(y):y€ X and z =y}
= {9(y): 9(y) = g(x)}
= Bya)-

As the equivalence classes of = form a partition of X, it follows that g(B,) N B, = () or B,, and so
B, is a block of G. Also, as g(Bz) = By(s), the set of all blocks conjugate to B, is just the set of

equivalence classes of =. 0

A common application of the above result is to stabilizers of points, as in a transitive group,

any two point stabilizers are conjugate (Exercise ?7.7).
Exercise 2.10 Verify that if B is a block of G, then g(B) is also a block of G for every g € G.

Exercise 2.11 Verify that if B is a complete block system of G acting on X, then B is a partition
of X.

Exercise 2.12 Let G act transitively on X, and suppose that B is a block of G. Then Stabg(B)

1s transitive on B.
Exercise 2.13 Show that a transitive group of prime degree is primitive.

Exercise 2.14 Let G < S, with B a complete block system of G. If ¢ € S,, then ¢(B) is a

dGo~ -invariant partition.

Exercise 2.15 A group G acting on X is doubly-transitive if whenever (x1,y1), (z2,y2) € X xX
such that x1 # y1 and xo # ya, then there exists g € G such that g(xz1,y1) = (z2,y2). Show that a

doubly-transitive group is primitive.



Exercise 2.16 Let G < S,, contain a regular cyclic subgroup R = (01 ... n—1) and admit a
complete block system B consisting of m blocks of size k. Show that B consists of cosets of the

unique subgroup of Z, of order k.

Exercise 2.17 Let p and q be distinct primes such that q divides p — 1. Determine the number of
complete block systems of G, where G is the nonabelian group of order pq that consist of blocks of

cardinality q and of cardinality p.

Exercise 2.18 Let G be a transitive group of square-free degree (an integer that is square-free is
not divisible by the square of any prime). Show that G has at most one normal G-invariant partition
with blocks of prime size p. (Hint: Suppose there are at least two such G-invariant partitions By
and By. Consider what happens to fixq(Bz2) in G/B;.)

Exercise 2.19 Let G < S, be transitive. Show that G is primitive if and only if Stabg(x) is a

maximal subgroup of G for every x € Z,.

3 Notions of “sameness” of permutation groups

Definition 3.1 Let G < S4 and H < Sg. Then GG and H are permutation isomorphic if there
exists a bijection A : A — B and a group isomorphism ¢ : G — H such that A(g(z)) = ¢(g)(A(z))
forall z € A and g € G.

For our discussion of this definition, in which we wish to see that the essential difference between
“permutation isomorphic” groups is that the set upon which they act have been relabelled , let’s
simplify this a bit and assume that A : A — A is a bijection, and our group isomorphism is the
identity. The defining equation then becomes A(g(z)) = g(A(x)). The left hand side is what one
gets if one applies a group element and then relabels, while the right hand side is what one obtains
if one relabels and then applies the group element. So the defining equation says that it doesn’t

matter if we relabel first and apply group elements or apply group element and then relabel.

Theorem 3.2 Let G be a transitive group acting on A that admits a complete block system B.
Then the action of Stabg(B) on B and the action of Stabg(B') on B’ are permutation isomorphic.
Additionally, the action of fixg(B) on B is permutation isomorphic to the action of fixg(B) on B'.

PROOF. Let ¢ € G such that ¢/(B) = B’. Define A : B — B’ by Az) = {(z). As ¢ maps B
bijectively to B’, A is a bijection. Define ¢ : Stabg(B) — Stabg(B’) by ¢(g) = gt~'. As ¢ is
obtained by conjugation, ¢ is a group isomorphism. Let g € Stabg(B), and 2 € B. Then



Ag(x)) = Lyg(x) = Lgt™ U(x) = Pp(g)A(z),

and so the action of Stabg(B) on B is permutation isomorphic to the action of Stabg(B’) on B'.
Analogous arguments will show that the action of fixg(B) on B is permutation isomorphic to the

action of fixg(B) on B'. O

There is another notion of “sameness” for permutation groups, as we may not only relabel the

set on which the group acts, but relabel the group elements (via a group automorphism).

Definition 3.3 We say that G < S4 and H < Sp are permutation equivalent if there exists a
bijection A : A — B, a € Aut(G), and a group isomorphism ¢ : G — H such that A(a(g)(z)) =
#(g)(A(z)) for all x € A and g € G.

As before, for our discussion, let’s assume that A = B and ¢ = 1. In fact, in most cases,
permutation equivalence is only defined in this manner. The defining equation then becomes
AMa(g)(x)) = gA(x). The left hand side of this equation says to relabel the group element and
apply to z, and then relabel the set. The right hand side says to relabel the set, then apply g. As
these are equal, this essentially says that relabeling the group is the same as relabeling the set.

Notice that if @ = 1, then the definition of permutation equivalence and permutation isomor-

phism are the same. In general, as

Mg(x)) = Ma(a™(9)(2)) = dla™ (9)(A(2)) = (da™")(g)(A(2)),

for all a~1(g) € G, we have the following result.

Lemma 3.4 If G <S4 and H < Sp are permutation equivalent, then G and H are permutation

isomorphic.

PROOF. Suppose that G and H are permutation equivalent so that there exists A : A — B,
a € Aut(G), and ¢ : G — H an isomorphism such that A(a(g)(z)) = ¢(g)(A(z)) for all z € A and
g € G. Then

forallz € Aand g € G. 0



It is usual to state a result characterizing when transitive actions of a group G acting on sets
A and B are equivalent. By “a group G acting on sets A and B” it is meant that o = 1. In
other words, we look at the action of an element of G on the two different sets, and do not allow
“relabeling” of the group (as that formally changes the group element). Indeed, some authors only

define the equivalence “equivalence of permutation groups” in this way.

Theorem 3.5 Let G act transitively on A and B. Then the action of G on A is equivalent to the
action of G on B if and only if the stabilizer in G of a point in A is the stabilizer of a point in B.

PROOF. Suppose that the action of G on A is equivalent to the action of G on B. Then there exists
a bijection A : A — B such that A(g(x)) = g(A\(z)) for all x € A and g € G. Let K = Stabg(z),
where z € B, and y € A such that A(y) = z. Let k € K. As k(z) = z, we have that

As ) is a bijection, k(y) = A71(2) = y, and so k stabilizes y. Thus K < Stabg(y), and as G is
transitive on A and B and |A| = |B|, by the Orbit-Stabilizer Theorem we see that K = Stabg(y).

Now suppose that Stabg(a) = Stabg(b) for some a € A and b € B. Define A : A — B by
Ag(a)) = g(b). We first need to show that A is well-defined. That is, that regardless of choice
of g, Mz) =y, v € A, y € B, is the same. So we need to show that if g(a) = h(a), then
9(b) = A(g(a)) = A(h(a)) = h(®). Now,

h~lg(a) =a
h~1lg € Stabg(a)
hlg(b) =b

g(b) = h(b)

= Ag(a)) = A(h(a))

and so A is indeed well-defined. Also, as G is transitive on A, A has domain A, and as G is transitive

¢l

on B, A is surjective, and hence bijective. Finally, let £ € A. Then there exists h, € G such that
hz(a) = . Then

Ag(@)) = Mgha(a))
= ghu(b)
= gA(ha(a))
= gA(z).



4 An Example of Inequivalent Actions: The Automorphism Group
of the Heawood Graph

For a subspace S of Fy, we denote by S+ the othogonal complement of S. That is, S* = {w €
Fy :w-v =0 for every v € S}. Recall that S+ is a subspace of the vector space Fy. A line in Fy
is a one-dimensional subspace, while a hyperplane is the orthogonal complement of a line (so a
subspace of Fy of dimension n — 1). Note that the number of lines and hyperplanes of Fy are the
same. In the case of F3 which contains 8 elements, any nonzero vector gives rise to a line, so there
are 7 lines and 7 hyperplanes.

Consider the graph whose vertex set is the lines and hyperplanes of F3, and a line is adjacent to
a hyperplane if and only if the line is contained in the hyperplane. We obtain the following graph,

which is isomorphic to the Heawood graph:

Figure 1: The Heawood graph labeled with the lines and hyperplanes of F3

Recall that GL(n,F,) is the general linear group of dimension n over the field F,. That
is GL(n,F,) is the group of all invertible n x n matrices with entries in I, with binary operation
multiplication. In the literature, it is common to see GL(n,q) written in place of GL(n,F,), a
convention that we will follow. Of course, a linear transformation maps lines to lines, so we
can consider the action of GL(3,2) on the lines of F3, and obtain the group PGL(3,2), which is
isomorphic to GL(3,2). Note that PGL(3,2) also permutes the hyperplanes of Fs. Of course, an



element of PGL(3,2) maps a line contained in a hyperplane to a line contained in a hyperplane, and
so PGL(3,2) is contained in Aut(Hea), where Hea is the Heawood graph. Notice that PGL(3,2) is
transitive on the lines of IE“% and transitive on the hyperplanes of IF% .

Now define 7 : LUH — LUH by 7{¢,h} = {h*,¢+}. Note that 7 is well-defined, as the
subspace orthogonal to a line is a hyperplane, while the subspace orthogonal to a hyperplane is a
line. Clearly |7| =2 as (s*)* = s. In order to show that 7 € Aut(Hea), let £ € L and h € H such
that £ C h. Then every vector in h™ is orthogonal to every vector in h, and as £ C h, every vector in
ht is orthogonal to every vector in £. Thus At C ¢+ and so if ¢h € E(Hea), then 7(¢h) € E(Hea).
Thus 7 € Aut(H).

Lemma 4.1 Let g € GL(n,q), and s a subspace of Fy. Then g(sH)t = (g7HT(s).

PROOF. First recall that if w,v € Fy, then the dot product of w and v, w - v, can also be written

as wlv, where for a matrix g, g7 denotes the transpose of g. Let wy, ..., w, be a basis for s*, so

that g(s*) has basis gws,...,gw,. In order to show that g(s*)* = (¢71)7(s), it suffices to show

that (g71)Tv is orthogonal to gw; for any i and v € s as dim(s) 4+ dim(s*) = n. Then

(gwi) - (g v = (gw)" (g Tv =w]g"(g7")Tv =w]v=0.
O

Consider the canonical action of PGL(3,2) on L U H, so that g € PGL(3,2), then g(¢,h) =
{9(£),g(h)}. Now, let g € PGL(3,2), which will consider in the above action on L U H. Then

T lgr({6h)) = rlg({ht )
= 7' ({g(h™),9(t1)})
= {g(t) ", 9(n)H}
= {(g™H7O). (¢"H"(n)}
Then 7197 = g71)T so PGL(3,2) <« (PGL(3,2), 7).
Now, (PGL(3,2),7) admits a complete block system B with 2 blocks of size 7. The subgroup
of PGL(3,2) that stabilizes a line does not stabilize any hyperplane! So we have that PGL(3,2)

acts inequivalently on the lines and hyperplanes. It can be shown using a theorem of Tutte that
Aut(Hea) = (PGL(3,2), 7).

10



5 The Embedding Theorem

Definition 5.1 Let I'1 and I'y be digraphs. The wreath product of I'y and I's, denoted I'1 1 'y
is the digraph with vertex set V(I'1) x V(I'2) and edge set

{(u,v)(u,v") :u € V(I'1) and v’ € E(T2)} U {(u,v)(/,v") : uv’ € E(T'1) and v,v" € V(T'9)}.

Intuitively, I'; ¢ T'2 is constructed as follows. First, we have |V (I'1)| copies of the digraph I's, with
these |V (I'1)| copies indexed by elements of V(I'1). Next, between corresponding copies of I's we
place every possible directed from one copy to another if in I'y there is an edge between the indexing
labels of the copies of I's, and no edges otherwise.

To find the wreath product of any two graphs I'y and I's:
1. First corresponding to each vertex of I'1, put a copy of I's.

2. If v1 and vy are adjacent in I'y, put every edge between corresponding copies of I's.

I''ile

. ==
b l (0,¢) (L)
b
C J (07 d) (17 d)
Let us consider the graph Cg Ks.
g
o Tl
6/\ Cg /\2
5>~ 3
a e ® )
Ky
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27

N
(5, b)\ /(3, b)

@
(4,b)
Csl Ko

In the previous graph, think of the sets {(4,j) : j € Z2} as blocks. Take any automorphism of
Csg, and think of it as “permuting” the blocks. A block is mapped to a block by any automorphism
of Ks, and we can have different automorphisms of K, for different blocks. This is the group
Aut(Cs)  Aut(K3).

Definition 5.2 Let G be a permutation group acting on X and H a permutation group acting on
Y. Define the wreath product of G and H, denoted G ! H, to be the set of all permutations of
X xY of the form (z,y) — (g(x), hz(y)).

Definition 5.3 Let G be a transitive permutation group acting on X that admits a complete block
system B. Then the action of G on B induces a permutation group in Sz, which we denote by G/B.
More specifically, if g € G, then define g/B : B — B by g/B(B) = B’ if and only if g(B) = B’, and
set G/B={g/B:g¢c G}.

Theorem 5.4 Let G be a transitive permutation group acting on X that admits a complete block

system B. Then G is permutation isomorphic to a subgroup of (G/B)(Stabg(B)|s,), where By € B.

PrROOF. For each B € B, there exists hp such that hp(Bp) = B. Define A : X — B x By
by AMz) = (B,x0), where z € B and 9 = hj' (). Define ¢ : G — (G/B) 1 (Stabg(B)|s,)
by ¢(g9)(B,x0) = (g(B),hg(g)ghB(:ro)). We must show that A is a bijection, ¢ is an injective
homomorphism, and that A(g(x)) = ¢(g)(A(z)) for all z € X and g € G.

In order to show that A is a bijection, it suffices to show that A is one-to-one as by Theorem
it is certainly the case that |X| = |B x By|. Let z,2’ € X and assume that (B, o) = A(z) = A(2/).

12



Clearly then both  and 2’ are contained in B, and 29 = h5'(2) = hz'(2'). As hp is a permutation,
it follows that x = 2’ and \ is one-to-one and so a bijection.

To show that ¢ is injective, suppose that ¢(g) = ¢(g’). Applying the definition of ¢, we see that

(g(B)7 hg_(lB)ghB(xO)) = (g/(B)7 hg_/}B)glhB(xO))a
for all B € B and x¢ € By. It immediately follows that g/B = ¢'/B and h;(g)ghB = h;,%B)g’hB.
Using the fact that g/B = ¢’/B and canceling, we see that g = ¢’ and ¢ is injective.
Let g1,g92 € G. Then

$(91)0(92)(B,z0) = ¢(91)(92(B), hy-1 () 92h5(x0))
= (9192(B), hy () 9112 (B) (o 39215 (20))
= (9192(B), by, 3y 919215(20))
= ¢(9192)(B, z0),

and so ¢ is a homomorphism.
Finally, observe that ¢(g)(A(z)) = ¢(g)(B, zo) = (9(B), h;(g)ghg(xg)) while

Ag(x)) = (9(B). hy iy 9(2)) = (9(B). by g (o).

and so A(g(z)) = ¢(g)(A(z)) for all x € X and g € G. O
The following immediate corollary is often useful.

Corollary 5.5 Let G be a transitive permutation group that admits a complete block system B

consisting of m blocks of size k. Then G is permutation isomorphic to a subgroup of Sy, 1.Sk.

One must be slightly careful with this labeling, as it is not always the most natural labeling. For
example, let ¢ and p be prime with ¢|(p —1) and a € Z;, of order q. Define p, 7 : Zg X Zy +— Zq X Zy
by 7(i,7) = (i +1,aj) and p(i,5) = (4,7 4+ 1). Then (p, 7) is isomorphic to the nonabelian group of
order gp. The labeling that one would get for this group by applying the Embedding Theorem is
(o, 7"), where p'(i,j) = (i, + o), 7'(i,j) = (i + 1, ).

6 A graph theoretic tool

Let G be a transitive group that admits a normal complete block system B consisting of m blocks
of prime size p. Then fixg(B)|p is a transitive group of prime degree p, and so contains a p-

cycle. Define a relation = on B by B = B’ if and only if whenever v € fixg(B) then 7|p is a
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p-cycle if and only if v|ps is also a p-cycle (here «y|p is the induced permutation of g on B). It is
straightforward to verify that = is an equivalence relation (Exercise [6.2]). Let C' be an equivalence
class of = and F¢ = UpecB (remember that the equivalence classes of = consist of blocks of B),

and £ = {E¢ : C is an equivalence class of C}.

Lemma 6.1 Let I" be a digraph with G < Aut(I") admit a normal complete block system B con-
sisting of m blocks of prime size p. Let = and £ be defined as in the preceding paragraph. Then &
is a complete block system of G and for every g € fixg(B), g|g € Aut(T') for every E € £. Here
gle(z) = g(x) if x € E while g(x) =z if x ¢ E.

PrRoOOF. We will first show that £/B is a complete block system of G/B by showing that = is a
G /B-congruence and applying Theorem This will then imply that £ is a complete block system
of G. We thus need to show that if B = B’ and g € G, then g(B) = g(B’) for every g € G. Suppose
that g(B) # g(B’). Then there exists v € fixg(B) such that v|,p)|s is a p-cycle but v|y(p: is not
a p-cycle. Let b € B. Then g 'vg(b) = g 1v(g(b)) and so g 'vg|p is a p-cycle, while a similar
argument shows that ¢g~!vg|p is not. We conclude that if B = B’ then g(B) = g(B’) and so £ is
indeed a complete block system of G.

Now suppose that B # B’. We will first show that in I, either every vertex of B is our or in
adjacent to every vertex of B’, or there is no edge between any vertex of B and any vertex of B’.
So, suppose that there is an edge from say B to B’. As B # B’ there is v € fixg(B) such that
v|p is a p-cycle while v|ps is not a p-cycle. Raising 7 to the power |y|p/| which is relatively prime
to 7, we may assume without loss of generality that v|g = 1. Let the directed edge b&b’ e E(I),
where by € B and b/ € B'. As v|p is a p-cycle, we may write y|p = (bp b1 ... bp—1) (i.e. we are
writing v|p as a p-cycle starting at by). Applying v to the edge be’, we obtain the edge bfb', and
applying v to the edge bob/ times, we obtain the edge by. We conclude that b/ € E (T") for every
b € B. Now, there exists § € fixg(B) such that §|p is a p-cycle. Applying & to each of the edges
bb' p — 1 times (similar to above), we have that the edges bl € E(T") for every b € B and b’ € B.
Similar arguments will show that if ¥’b € E(T) for some ¥’ € B’ and b € B, then Vb € E(T) for
every b’ € B and b € B, as well as if bb’ € E(T") for some b,b’ € E(T'), then b0’ € E(T') for all b € B
and V' € B'.

Now, let v € fixg(B), and consider the map v|g, E € €. If e = 2y € E(I') and both z,y € F,
then surely v|g(e) = v(e) € E(I'). Similarly, if both z,y ¢ E, then v|g(e) = e € E(I"). If z € E but
y & E(I'), then let B,, By € B such that € B, and y € By. Then x@’ € E(T) for every 2’ € B,
y' € B, by arguments above. Also, y(z) = 2’ € B, and so v|g(e) = 2y € E(T). An analogous
argument will show that v|g(e) € E(I") if x ¢ E but y € E. As in every case, v|g € E(I"), we have
that v|g € Aut(I') establishing the result. 0
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The above result also holds in the more general situation that fixg(B) acts primitively on B € B.

Exercise 6.2 Write a careful proof that = is an equivalence relation.

7 Basic definitions concerning graphs

Definition 7.1 Let G be a group and S C G. Define a Cayley digraph of G, denoted Cay(G, S)
to be the graph with V(Cay(G,S)) = G and E(Cay(G,S)) = {(g,95) : g € G,s € S}. We call S
the connection set of Cay(G,S).

Figure 2: The Cayley graph Cay(Z10,{1,3,7,9}).

If we additionally insist that S = S=! = {s7! : s € S} (or if the group is abelian and the
operation is addition, that S = —S), then there will be no directed edges in Cay(G, S), and we
obtain a Cayley graph. This follows as if (g, gs) € E(Cay(G,S)) and s~ € S, then (gs, gs(s™ 1)) =
(g9s,s) € E(Cay(G,S)). In many situations, whether or not a Cayley digraph has loops doesn’t
have any effect. In these cases the default is usually to exclude loops by also insisting that 15 &€ .S
(or 0 ¢ S if G is abelian and the operation is addition).

Perhaps the most common Cayley digraphs that one encounters are Cayley digraphs of the cyclic
groups Zj, of order n, as in Figure [2l A Cayley (di)graph of Z, is called a circulant (di)graph of

order n.

Definition 7.2 For a group G, the left regular representation , denoted G, , is the subgroup
of S¢ given by the left translations of G. More specifically, G, = {x — gz : ¢ € G}. We denote
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the map x — gx by gr. It is straightforward to verify that G, is a group and that G = G.

1

Let 7,y € G, and g = yz~!. Then g1 (z) = yr~'x = y so that G, is transitive on G.

Lemma 7.3 For every S C G, G, < Aut(Cay(G, 5)).

PROOF. Let e = (g,9s) € E(Cay(G,S), where g € G and s € S. Let h € G. We must show that
hi(e) € E(Cay(G,S)), or that hr(e) = (¢',¢'s’) for some ¢’ € G and s’ € S. Setting ¢’ = hg and

s’ = s, we have that

hi(e) = hi(g,gs) = (hg, h(gs)) = (hg, (hg)s) = (¢',4's").
0

In general, for an abelian group G, the group G will consist of “translations by ¢” that map
x — x+g. That is, G, = {x = 2+ g : g € G}. More specifically, for a cyclic group Z,,, we have
that Z,, is generated by the map x — x + 1 (or course instead on 1, one could put any generator
of Zy,).

The following important result of G. Sabidussi [§] characterizes Cayley graphs.

Theorem 7.4 A graph T is isomorphic to a Cayley graph of a group G if and only if Aut(T")

contains a regular subgroup isomorphic to G.

Proor. If ' = Cay(G,S) with ¢ : ' — Cay(G,S) an isomorphism, then by Lemma
Aut(Cay(G, s)) contains the regular subgroup G = G, namely ¢~ 'G ¢ (see Exercise . Con-
versely, suppose that Aut(I") contains a regular subgroup H = G, with w : H — G an isomorphism.
Fix v € V(I'). As H is regular, for each u € V(I'), there exists a unique h, € H such that
hy(v) = u. Define ¢ : V(I') = G by ¢(u) = w(h,,). Note that as each h,, is unique, ¢ is well-defined
and is also a bijection as w is a bijection. Let U = {u € V(I') : (v,u) € E(I')}. We claim that
¢(I') = Cay(G, o(U)).

As o(V(I") = G, V(¢(I')) = G. Let e € E(¢(I')). We must show that e = (g, gs) for some
g€ Gandsc o). Asec E(¢I)), o~ t(e) = (u1,u2) € E(T) by Exercise Let w € V(I')
such that hy, (w) = ug. Then hy'(ui,uz) = (v,w) so that w = hy(v) € U, and hy, = hy hy as
Py oy (V) = hy, (w) = ug. Thus

(ulv u2) = (hul (U)v hu, (w)) = (hm (U), ho, hw(v)) = (hu1 (U)v B, (U))

Set g = w(hy,) and s = w(hy). Then
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¢(U1,UQ) = (w(hm)’w(h?m)) = (w(h’ul)7w(h’ulh’w)) = (w(hu1)7w(hu1)w(hw)) = (9795)
as required. 0

We now prove a well-known result first proven by Turner [10].

Theorem 7.5 FEvery transitive group of prime degree p contains a cyclic reqular subgroup. Conse-

quently, every vertez-transitive digraph is isomorphic to a circulant digraph of order p.

PROOF. Let G be a transitive group of prime degree p. As G is transitive, it has one orbit of size p,
and so p divides |G|. Hence G has an element of order p, which is necessarily a p-cycle permuting

all of the points. So G contains a regular cyclic subgroup, and the result follows by Theorem [7.4]

0

Exercise 7.6 Show that if ¢ : T — I is a graph isomorphism, then ¢~ : IV — T is also a graph
isomorphism. Then show that if H < Aut(T), then ¢~ H¢ < Aut(T).

8 An application to graphs

Definition 8.1 Let m and n be positive integers, and a € Z}. Define p, 7 : Zyy, X Zy, = Ly X ZLn,
by p(i,7) = (i,7+1) and 7(i,7) = (i+1,aj). A vertex-transitive I digraph with vertex set Z,, X Z,
is an (m, n)-metacirculant digraph if and only if (p, 7) < Aut(T).

The Petersen graph is a (2,5)-metacirculant graph with o = 2, while the Heawood graph is a
(2, 7)-metacirculant graph with o = 6.

Lemma 8.2 Let p : Zyy X ZLp = Ly X Ly, by p(i,5) = (4,5 +1). Then Zg,,, ({p)) = {(i,7) —
(O’(i),j +bi) o€ 8,,b; € Zn} =S (Zn)L~

PROOF. Straightforward computations will show that every element of {(,j) — (o (2),j + b;) does
indeed centralize (p). Then Zg, . ((p)) is transitive as p € Zg,,, ((p)). Additionally, (p)<Zs,,,. ({(p)),
and so the orbits B of (p) form a complete block system of Zg,  ((p)). Let B € B, and g €
Stabzg ((p))(B). Then g|p commutes with (p)|5, and as (p)|p is a regular cyclic group, it is self-
centralizing (we have already seen that a transitive abelian group is regular in the proof of Theorem
The subgroup generated by any element that centralizes a regular abelian group and the regular

abelian group is a transitive abelian group, and so regular.) Then Stabz, ((,))(B)|s < (p)|p, and
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so by the Embedding Theorem 5.4} Zs, . ((p)) < Sm U (Zn)r. As Sy W (Zyn)1, < Zs,,,((p)), the result
follows. O

Theorem 8.3 A wvertex-transitive digraph I' of order qp, q and p distinct primes, is isomorphic
to a (q,p)-metacirculant digraph if and only if Aut(I') has a transitive subgroup G that contains a

normal complete block system B with q blocks of size p.

Proor. If ' is isomorphic to a (g, p)-metacirculant, then after an appropriate relabeling, (p, 7) <
Aut(T"). Then (p) < (p,7) = G has orbits of length p.

Conversely, suppose that there exists N <G < Aut(I') and N has orbits of length p. Let B be
the complete block system formed by the orbits of IV, and assume that G is the largest subgroup
of Aut(T") that admits B. Then G/B is transitive, and so G contains an element 7 such that (7)/B
is cyclic of order ¢ (and so regular), and 7 has order a power of q. By Lemma there exists
p € G such that (p) is semiregular of order p, and a Sylow p-subgroup P of fixg(B) has order p
or pi. If |P| = p4, then if there is a directed edge in I' from some vertex of B to some vertex of
B’, B,B’ € B, then there is a directed edge from every vertex of B to every vertex of B’. We
conclude that I' is isomorphic to a wreath product of vertex-transitive digraphs of order ¢ and p,
respectively, and so by Theorem I is isomorphic to the wreath product of a circulant digraph
of order ¢ and a circulant digraph of order p. By Exercise [8.4] T is isomorphic to a Cayley digraph
of Zq X Zy, and every such digraph is isomorphic to a (g, p)-metacirculant digraph by Exercise
We henceforth assume that |P| = p.

Now, {p) and 7~ !(p)7T are contained in Sylow p-subgroups P; and P» of fixg(B), respectively,
and so there exists § € G such that 6~ !Pyd = P;. Replacing 7 with 76, if necessary, we assume
without loss of generality that 7= X{p)r < P;. As |Pi| = |P| = p, we see that 7~ 1(p)7 = (p).
We now label the vertex set of I' with elements of Z, x Z,, in such a way that p(4,j) = (i,5 + 1),
and 7(i,7) = (i + 1,w;(j)), where w; € Sp, i € Z;. Set 771pr = p% where a € Zy. Define
a: Zg X Zy — Lq x Ly by a(i,j) = (i,aj). Then a~'p®a = p. Then 7a centralizes (p), and so
by Lemma we see that 7a € {(i,7) — (0(i),j +b;) : 0 € Sq,b; € Z,}. We conclude that
ra(i,j) = (i+ 1,5 +b;), b € Zp, and so 7(i,5) = (i + 1,a 1§ + ¢i), ¢; € Zp.

Let H = (1,21, : k € Zg), where 24(4,j) = (4,5 + 6i,), where d;;, is Kronecker’s delta function.
That is d;x = 1 if ¢ = k and 0 otherwise. Note that (2, : k € Zy) <H and H/(zy, : k € Zg) = (7).
We conclude that (7) is a Sylow g-subgroup of H. Now let, 7/ : Zy X Z, — Zq X Zp by 7'(i,j) =
(i+1,a7'5). Then 7" € H and also has order |7, and so (') is a Sylow g-subgroup of H as well.
Thus there exists v € H such that v~'(7)y = (7). Also, {p) < H, and so v~!{(p)y = (p), and so
v~ Hp,7)y = (p,7'). Then T is isomorphic to a (g, p)-metacirculant digraph. 0
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Exercise 8.4 Show that for any two groups G and H, G Hy, contains a reqular subgroup iso-

morphic to G x H. Deduce that the wreath product of two Cayley digraphs is a Cayley digraph.

Exercise 8.5 Let n be a positive integer and n = mk, where ged(m,k) = 1. Show that any

circulant digraph of order n is isomorphic to an (m, k)-metacirculant digraph.

9 A general strategy for analyzing imprimitive permutation groups
with blocks of prime size - especially automorphism groups of
vertex-transitive digraphs

Let G be a transitive group that admits a complete block system B with blocks of prime size p.
If B is not a normal complete block system, then G/B is a transitive faithful representation of G,
so hopefully one can use induction... Otherwise, B is normal. If fixg(B) is not faithful on B € B,
then in the general case, one cannot say much about fixg(B) other than the normalizer of a Sylow
p-subgroup of fixg(B) is a vector space invariant under its normalizer, which is transitive. Tools
from linear algebra may be employed - not promising but not hopeless either. In the case of the
automorphism group of a vertex-transitive graph, one may employ Lemma in which case the
Sylow p-subgroup of fixg(B) has a very restrictive structure as we have seen. If fixg(B) is faithful
on B € B there are three cases to consider. The first is when fixg(B) = Z,. This is the most
difficult case to deal with, and nothing more will be said of this case now. If fixg(B) # Z,, then
there are two subcases, depending on whether or not the action of fixg(B) on B, B’ € B are always

equivalent or if the are inequivalent. We now investigate this...

Lemma 9.1 Let G < S, be transitive on V' and admit a normal complete block system B with
blocks of size p. Suppose that fixg(B) # Zy is faithful on B € B. Define an equivalence relation =
on V by v = ve if and only if Stabgy ) (v1) = Stabgy,(5)(v2). Then the equivalence classes of =

are blocks of G, and each equivalence class of = contains at most one point of B € B.

PROOF. As conjugation by an element of G maps the stabilizer of a point in fixg(B) to the stabilizer
of a point in fixg(B), = is a G-congruence, and so by Theorem the equivalence classes of = are
blocks of G. If a block contains two points from the same equivalence class, then by first part of
this lemma applied to fixg(B)|p, we see that fixg(B)|g is imprimitive. But a transitive group of

prime degree is primitive, a contradiction. 0

Let £ be the complete block system consisting of the equivalence classes of = in the previous
lemma. Suppose that each equivalence class of = contains exactly one element of each B € B.
This means that |[BN E| =1 for every B € B and E € £. Two complete B and C of G such that

19



|[BNC| =1 for every B € B and C € C are called orthogonal complete block systems. Observe
that if B and C are orthogonal and B consists of m blocks of size k, then C consists of k£ blocks of

size m.

Lemma 9.2 Let n = mk and G < S, such that G is transitive and admits orthogonal complete
block systems B and C of m blocks of size k and k blocks of size m, respectively. Then G is

permutation equivalent to a subgroup of S X Sy, in its natural action on Zi X Ly,

PROOF. Note that G has a natural action on B x C given by ¢(B,C) = (g(B),g(C)), and that
in this action each g € G induces a permutation contained in Sg X S¢, namely, (g/B,¢g/C). Any
element of G in the kernel of this representation of G must fix every block of B and every block of
C. As|BNC| =1 for every B € B and C € C, and there are exactly mk = n such intersections,
the kernel of this representation is the identity and the representation is faithful. Let B € B and
C € C. If g € G stabilizes the point (B, () in this representation, then g(B) = B and g(C) = C.
Let BNC = {x}. Then g(x) = z. Conversely, if g(z) = z, then there exists B € B and C € C such
that x € B and = € C. Then ¢(B,C) = (B, C) so Stabg(z) = Stabg((B,C)). It then follows by
Theorem (3.5 that these two actions of G are equivalent. 0

Combining the two previous lemmas we have:

Lemma 9.3 Let G < S, be transitive on V and admit a normal complete block system B with
blocks of size p. Suppose that fixq(B) # Zy, is faithful on B € B. If the action of fixg(B) on B and

B’ are always equivalent, then G is permutation isomorphic to a subgroup of S, /p X Sp-

We now illustrate these techniques by calculating the full automorphism group of circulant

digraphs of order p?, where p is prime.

Theorem 9.4 Let ' be a circulant digraph of order p*, p an odd prime. Then one of the following

18 true:
o (Zy2)L <Aut(T'), or
o Aut(T') = Aut(T'1) 1 Aut(I'2) where, Ty and Ty are circulant digraphs of prime order, or
o I' = K2 or its complement and Aut(T") = Sp2.

p

Note: The result is simpler if p = 2, and as |Sy| = 24, everything can be easily determined by
hand.
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ProOOF. A Burnside group is a group G with the property that whenever H < S,, contains G
as a regular subgroup, then either H is doubly-transitive or H is imprimitive. Here, H is doubly-
transitive if whenever we have two order pairs (x1,y1) and (z2,y2) with 1 # y1 and z9 # ya, then
there exists h € H such that h(x1,y1) = (z2,y2). Schur showed that a cyclic group of composite
order is a Burnside group [2, Theorem 3.5A]. So Aut(T") is either imprimitive or doubly-transitive.
If Aut(I') is doubly-transitive, then I' is either K2 or its complement and the result follows.
Otherwise, Aut(I") admits a complete block system B consisting of p blocks of size p. (In the case
ZLg X Ly, we still have a Burnside group, while for Z, x Z,, the possibilities for a simply primitive
group are given explicitly by the O’Nan-Scott Theorem.)

Let p : Zy = Zy2 by p(i) = i+ 1 (mod p?), so that (p) is a regular subgroup of Aut(T') of
order p?. B is then necessarily normal, and formed by the orbits of a normal subgroup of {(p) of
order p. There is a unique such subgroup, namely (p”). Consider the equivalence relation = on B
by B = B’ if and only if whenever v € fixg(B) then v|g is a p-cycle if and only if v|p: is also a
p-cycle. By Lemma [6.1], the union of the equivalence classes of = form a complete block system &,
and pP|p € Aut(T') for every FE € €. If £ has blocks of size p, then £ = B, and T is isomorphic to
the wreath product of two circulant digraphs of prime order. A result of Sabidussi [9] then gives
(2).

If £ consists of one block of size p?, then fixsue(ry(B) acts faithfully on B € B as otherwise,
as a normal subgroup of a primitive group is necessarily transitive, the kernel K of the action of
fixsuyry(B) on B € B is transitive on some B’ € B, and so K has order divisible by p. Then K
contains an element which is a p-cycle on B’ and the identity on B, and so B # B’. We first
consider when fix (1) (B) % Zp.

We now wish to apply a famous result of Burnside which states that a transitive group of prime
degree is either permutation isomorphic to a subgroup of AGL(1,p) = {z +— ax+b:a € Z;,b € Z},
or is a doubly-transitive group with nonabelian socle. A consequence of the Classification of the
Finite Simple groups is that all doubly-transitive groups are known [I, Table], and then one can
show (by examining each possible case), that a doubly-transitive group either has 1 or 2 inequivalent
representations. If H < AGL(1,p) is transitive and not isomorphic to Z, (note that p will divide
|H|), then |H| = ap, a > 1. Then Staby(z) has order a, and as AGL(1,p) is solvable of order
p(p — 1), H is solvable and gcd(a,p) = 1. By Hall’s Theorem, any two subgroups of order a are
conjugate in H. We conclude by Theorem that H has a unique representation of degree p.

Now define an equivalence relation =" on Z,2 by i = j if and only if Stabfix sy, r (i) = Stabfix , y r) (7).
Note that as fixauyr) (B) is primitive on B € B, no equivalence class of =" can contain more than
one element of B € B. If there is a unique representation of fixar)(B) as a transitive group of

degree p, then the equivalence classes of =’ form an orthogonal complete block system of Aut(T).
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However, as Z,> contains a unique subgroup of order p and every complete block system is normal,
there is no such orthogonal complete block system, a contradiction! (Note that if Z,» is replaced
with Zy, X Z;, of Zy x 7y, there is no contradiction, but we still are done as then Aut(I") is contained
in a direct product and it is easy to figure out what happens). We thus assume that fixg(B) = Z,.

Of course Aut(I')/B is a transitive group of prime degree, so by Burnside’s Theorem it is either
contained in AGL(1,p) or is a doubly-transitive group with nonabelian socle. If Aut(I')/B <
AGL(1,p), then as AGL(1,p) contains a normal Sylow p-subgroup which is necessarily (p)/B, we
see that (p) < Aut(I") and the result follows. I will not really talk about the other case - it doesn’t
really have much to do with imprimitive groups, and is also the hardest case. I will say that in the
case under consideration, this cannot occur, while if ¢ # p it not only can occur, but in fact has
two different outcomes. For Z, x Z, it also can occur but only has the obvious outcome of being

something like H x Z,,, where H < S,. 0

10 Further Reading

Extensions of Burnside’s Theorem to transitive groups of degree p? as well as the full automorphism
groups of all vertex-transitive digraphs of order p? can be found in [5]. An extension of Burnside’s
Theorem for transitive groups that contain a regular cyclic group of prime-power order can be
found in [3]. An extension of Burnside’s Theorem for groups that contain a regular abelian Hall
m-subgroup is in [6]. Some information about transitive groups of degree gp can be found in [4],
together with the full automorphism groups of all vertex-transitive graphs of order ¢p. An extension
of Burnside’s Theorem for a regular semidirect product of two cyclic groups of prime-power degree
can be found in [7] (we remark that while the results in this paper are stated only for graphs, the

graph structure is not used much - so the result is not explicitly stated, but can be extracted).
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