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m At present it is not known whether ISO€P.

The proof of the time bound of the best algorithm (up to now) for
the ISO depends on the Classification of Finite Simple Groups.

Theorem (L.Babai, E.Luks and W.Kantor, 1984).

The isomorphism of n-vertex graphs can be tested in time

exp(O(v/nlog n)).
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The output partition of the Weisfeiler-Leman algorithm is a
coherent configuration, i.e. a pair X = (€, S) such that:

m 1o ={(a,a): a € Q}isa union of relations from S,

m S contains s* = {(«, ) : (B,a) € s} forallse S,

m for all r,s,t € S the intersection number cf = c(a, §; r, s)

does not depend on the choice of (a, 3) € t.

The configuration X' is homogeneous (or association scheme, or
scheme), if 1 € S,
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m the degree and rank of X’ are the numbers |Q2| and |S]|,

m the basic relations and relations of X are the relations of S
and of SY (the set of all unions of basic relations),
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Let X = (Q,S) with |Q] = 3. Set r :=|S], f := |®|. Then one of
the following cases occurs:

(r,f)2(2,1): So = ° 51 = °

o o o< e

(r,f)=(3,1): o= s= N 2= A

(r,f)=(5,2): soz.o 51 = . 52:./.
Ve e

(r,f)=1(9,3): S={{(e,B)}: o,B€Q}.
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Let ' < Sym(f2) be a permutation group. It acts on Q x Q:
(o, B)7 := (a7, 57), a,B€Q, yer.
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Definition.
A coherent configuration X is called schurian if X = Inv(I") for
some group I.
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Notation
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Proposition

Let G = (Q,E) and G’ = (Q, E’) be graphs, and X = ((G)) and
X' = ((G")). Then f € Iso(G, G') iff f € Iso(X, x’) and Ef = E'.
Proof. On each step of the Weisfeiler-Leman algorithm

c(a, B;r,s) = c(af, pf; rf, sF) for all o, B, r, s.
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Let P and P’ be finite projective planes of the same order. Then
m X(P) = X(P') iff P is isomorphic to P’ or dual to P/,
m X(P) and X(P’) are algebraically isomorphic.

The canonical modification of the Weisfeiler-Leman algorithm.

m At the first step S = {sp, 51,52} where sp = 1 and s; = E.

m At each iteration S = {sp,...,s;} where the indices are
chosen according to the lex. order of {c(a, 3;r,s)},s.

If X = ((G)) and X’ = ((G)) are obtained by the canonical W-L
algorithm, then G = G’ only if |S| = |S’| and the bijection s; +— s!
is an algebraic isomorphism.
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Algebraic forests.

Proposition.

The 1SO is polynomially equivalent to the following problem: given
an algebraic isomorphism ¢ : X — X’ test whether Iso(X', X/, ) is
not empty.

Definition. A graph G is an algebraic forest if there is a forest T
such that ((G)) = ((T)).

Almost all graphs are algebraic forests; the class of them contains
trees, interval graphs, cographs, etc.

Theorem (S.Evdokimov-l.Ponomarenko-G.Tinhofer, 2000).

Any algebraic isomorphism ¢ : ((G)) — ((G’)) where G and G’ are
algebraic forests, is induced by isomorphism.Thus ISO for algebraic
forests is solved by the canonical modification of the W-L
algorithm.
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Bases of coherent configurations.

There is a natural partial order C on the set of all coherent
configurations on Q: if ¥ = (,S) and Y = (Q, T), then

XCY < SYcTv.

The greatest element is the complete coherent configuration, i.e.
SYU = 22X the smallest configuration is of rank < 2.

Definition. Let A C Q and X’ be the smallest configuration s.t.

X' JX and O(X)D{{6}: de A}

If X' is complete, then A is the base of X’; the minimum |A| is
denoted by b(X).

m 0<b<n—1where b= b(X) and n=1Q],
m b=0iff X is complete, and b= n—1iff |S]| <2.
m b(Aut(X)) < b(X); in particular, |Aut(X)| < nb.
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m A recent survey on bases: R.F.Bailey, P.J.Cameron, Base size,

metric dimension and other invariants of groups and graphs,
Bull. London Math. Soc., 43 (2011) 209-242.

m The polynomial time bound for isomorphism testing in the
classes of graphs with bounded spectrum or bounded genus
(L.Babai, D.Grigoriev, D.Mount, 1982 and G.Miller, 1980) can
be proved by finding an upper bound for the base number
(S.Evdokimov-l.Ponomarenko, 1999, and M.Grohe, 2010).

m The Babai problem: do exist a function f s.t. any primitive
coherent configuration with non-reflexive basis relation of
valency < k, has a base of size f(k)?

m If the Babai problem has a positive answer, then probably the
Luks algorithm for graphs of bounded valency can be
reformulated in terms of bases.



