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| wish to begin at the beginning of this problem, that is, the beginning for
me. Shortly after | started to work on my PhD (probably in 1990), | tried
to prove the following “Theorem™:

Let p and q be distinct primes. Then every vertex-transitive graph of order
gp is a Cayley graph.

Fortunately, | was unsuccessful, but after a couple of weeks, | did have the
brilliant idea of trying to construct a counterexample.
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By classifying vertex-transitive graphs, | will mean finding a minimal
transitive subgroup of the automorphism group, or in the case of graphs
with primitive automorphism group, finding the socle of their
automorphism group.

| wish to begin at the beginning of this problem, that is, the beginning for
me. Shortly after | started to work on my PhD (probably in 1990), | tried
to prove the following “Theorem™:

Let p and q be distinct primes. Then every vertex-transitive graph of order
gp is a Cayley graph.

Fortunately, | was unsuccessful, but after a couple of weeks, | did have the
brilliant idea of trying to construct a counterexample. Continuing my
brilliance, | decided to try to construct my counterexample with the fewest
vertices and edges. | obtained:
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K 7
The Petersen graph is the unique graph of smallest order and smallest size
that is not isomorphic to a Cayley graph.
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Definition

Let o € Z}, and define p, 7 : Ly X Lp — L X Zn by p(i,j) = (i,j + 1)
and 7(i,j) = (i+1,aj). A graph T is an (m, n)-metacirculant graph if
V(I =Zm % Zp and (p, ) < Aut(T).
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The Petersen graph is a (2, 5)-metacirculant with @ = 2. Metacirculant
graphs were introduced by Alspach and Parsons in 1982, and they posed
the following question:

Problem

Characterize vertex-transitive graphs of order qp, and in particular, those
which are not metacirculants.
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only if Aut(I) contains a transitive subgroup G and H<G is nontrivial and
intransitive.
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Theorem (Marusi¢ and Scapellato, 1992)

A graph T of order qp is isomorphic to a (q, p)-metacirculant graph if and
only if Aut(I) contains a transitive subgroup G and H<G is nontrivial and
intransitive.

| found their proof to be most informative:

A nonsolvable permutation group of prime degree is by [15, Theo-
rem 11.7] necessarily doubly transitive. On the other hand, it is easy to see
that a vertex-transitive pg-graph whose automorphism group has a transi-
tive subgroup with an intransitive normal subgroup must necessarily be a
metacirculant. Note that (k" — 1)/(k — 1) is not a prime unless # is a prime
and (n,k — 1) = 1. Hence Propositions 2.3 and 2.4 together imply the fol-
lowing result:
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That paper was one of a long series of papers by Marusi¢ and Scapellato
that characterized vertex-transitive graphs of order gp. A competing series
of papers by Xu and Praeger more or less did the same thing.

Problem

Finish the classification of vertex-transitive graphs of order gp!

There word “classification” has two different meanings. The above papers
do give minimal transitive subgroups of all vertex-transitive graphs of order
gp, and so every vertex-transitive graph of order gp can be constructed.
However, these constructions might result in duplicate constructions. The
remaining work to be done is on the isomorphism problem for certain
classes of primitive graphs.
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| met Dragan at an Erd6s 80th Birthday Conference in Keszthely, Hungary,
in 1993. If | remember correctly, he spoke on the following classification
result that is joint work with Scapellato and Zgrablié.

Theorem

Let I be a vertex-transitive graph of order pqr, p, q, and r distinct primes,
whose automorphism group contains an imprimitive subgroup. Then one
of the following is true:

© there exists transitive G < Aut(I') and H<G that is intransitive,
@ Aut(l) is quasiprimitive, and is given in one of two tables in their
paper.
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Definition

ay a2

A transitive group G of degree n = p;*p3*---pZr and m= 3%, aj is
genuinely m-step imprimitive if there exists normal subgroup

1 = No<Ni<...<aN,_1<Np, = G and the orbits of N; are properly
contained in the orbits of Niy1, 0 < i< m—1.
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Li and Seress have determined all primitive groups of square-free degree
that are primitive, as well as all vertex-transitive graphs of square-free
order that have primitive automorphism group and are Cayley graphs.

Definition

ay a2

A transitive group G of degree n = p;*p3*---pZr and m= 3%, aj is
genuinely m-step imprimitive if there exists normal subgroup

1 = No<Ni<...<aN,_1<Np, = G and the orbits of N; are properly
contained in the orbits of Niy1, 0 < i< m—1.

Hassani, Iranmanesh, and Praeger (1998) have shown the following result:

Let p < q < r be distinct primes such that p fq —1 and q fr — 1, there
are no vertex-transitive graphs of order pq that are not Cayley, and no
quasiprimitive or primitive graphs of order pqr that are not Cayley.
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Li and Seress have determined all primitive groups of square-free degree
that are primitive, as well as all vertex-transitive graphs of square-free
order that have primitive automorphism group and are Cayley graphs.

Definition

ay a2

A transitive group G of degree n = p;*p3*---pZr and m= 3%, aj is
genuinely m-step imprimitive if there exists normal subgroup

1 = No<Ni<...<aN,_1<Np, = G and the orbits of N; are properly
contained in the orbits of Niy1, 0 < i< m—1.

Hassani, Iranmanesh, and Praeger (1998) have shown the following result:

Let p < q < r be distinct primes such that p fq —1 and q fr — 1, there
are no vertex-transitive graphs of order pq that are not Cayley, and no
quasiprimitive or primitive graphs of order pqr that are not Cayley. If T is
a vertex-transitive graph of order pqr such that G < Aut(I') is genuinely
3-step imprimitive, then I is isomorphic to a Cayley graph.
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Theorem (D., 2000)

Let n be such that ged(n, p(n)) = 1. Then a vertex-transitive graph ' of
order n is isomorphic to a circulant graph of order n if and only if Aut(I')
contains a genuinely m-step imprimitive subgroup.
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Theorem (D., 2008)

Let n be such that ged(n, p(n)) = q a prime. Then every vertex-transitive
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Conjecture (D., 2008)

Let n be square-free such that there exists a unique prime p such that
whenever r divides both n and ¢(n), then r divides p — 1. Additionally,
assume that if q divides n is prime, then q*> J(p — 1). A vertex-transitive
graph I of order n is isomorphic to a Cayley graph of order n if and only if
Aut(T) contains an m-step imprimitive subgroup.
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A conjecture (and an even more general one that requires additional
terminology is contained in the paper):

Conjecture (D., 2008)

Let n be square-free such that there exists a unique prime p such that
whenever r divides both n and ¢(n), then r divides p — 1. Additionally,
assume that if q divides n is prime, then q*> J(p — 1). A vertex-transitive
graph I of order n is isomorphic to a Cayley graph of order n if and only if
Aut(T) contains an m-step imprimitive subgroup.

| \

Problem
Determine a minimal transitive subgroup of Aut(I') of order pqr such that
Aut(T) is not quasiprimitive, primitive, and does not contain a genuinely
3-step imprimitive subgroup.

N

Ted Dobson Characterizing vertex-transitive graphs



A solution would lead to the classification of vertex-transitive graphs of
some orders pqr.
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A solution would lead to the classification of vertex-transitive graphs of
some orders pgr. Some related work can be found in a paper by
Iranmanesh and Praeger (2001).
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