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Overview

In this talk, we will begin by fixing a tridiagonal pair (A, A*) on a
vector space V, and we will define the notion of an A-like element
of End(V). In order to simplify the situation, we will introduce
certain assumptions about the type of the tridiagonal pair (A, A*).
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Overview

In this talk, we will begin by fixing a tridiagonal pair (A, A*) on a
vector space V, and we will define the notion of an A-like element
of End(V). In order to simplify the situation, we will introduce

certain assumptions about the type of the tridiagonal pair (A, A*).

A-like maps form a subspace of End(V). We will provide a
description of this space using certain decompositions of the
underlying space V. Part of the task will be to decompose the
space of A-like maps into smaller pieces and describe these pieces
carefully. In the process we will obtain a basis for the space of
A-like maps.
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Overview

We will then look at this space from a different point of view, but
in order to do so, we will first recall a certain Lie algebra, and we

will discuss how some of its representation theory applies to our
TD pair (A, A%).
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Overview

We will then look at this space from a different point of view, but
in order to do so, we will first recall a certain Lie algebra, and we

will discuss how some of its representation theory applies to our
TD pair (A, A%).

Finally, we will consider a special basis for the underlying space V
and state some results that relate this basis to the space of A-like
maps.
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Throughout this talk IF denotes an algebraically closed field with
characteristic 0, and V' a nonzero finite-dimensional vector space
over F.
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Definition
By a tridiagonal pair on V, we mean an ordered pair (A, A*),
where A and A* are linear transformations on V' that satisfy the

following four conditions:
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Definition
By a tridiagonal pair on V, we mean an ordered pair (A, A*),
where A and A* are linear transformations on V' that satisfy the

following four conditions:

(i) Each of A, A* is diagonalizable.
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Definition
By a tridiagonal pair on V, we mean an ordered pair (A, A*),
where A and A* are linear transformations on V' that satisfy the

following four conditions:

(i) Each of A, A* is diagonalizable.

(ii) There exists an ordering Vo, Vi, ..., Vg of the eigenspaces of
A such that A*V; C Vi_1 + Vi + Vi1 for 0 < i < d, where

V_]_ =0 and Vd+1 =0.
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Definition

By a tridiagonal pair on V, we mean an ordered pair (A, A*),
where A and A* are linear transformations on V' that satisfy the
following four conditions:

(i) Each of A, A* is diagonalizable.

(ii) There exists an ordering Vo, Vi, ..., Vg of the eigenspaces of
A such that A*V; C Vi_1 + Vi + Vi1 for 0 < i < d, where

V_]_ =0 and Vd+1 =0.
(iii) There exists an ordering V, V{', ..., V of the eigenspaces of

A* such that AV C V' |, + V" + \/;Zr:l for 0 < j <4, where
V¥ =0and Vj , =0
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Definition

By a tridiagonal pair on V, we mean an ordered pair (A, A*),
where A and A* are linear transformations on V' that satisfy the
following four conditions:

(i) Each of A, A* is diagonalizable.

(ii) There exists an ordering Vo, Vi, ..., Vg of the eigenspaces of
A such that A*V; C Vi_1 + Vi + Vi1 for 0 < i < d, where

V_]_ =0 and Vd+1 =0.

(iii) There exists an ordering V, V{', ..., V of the eigenspaces of
A* such that AV C V' |, + V" + \/;Zr:l for 0 < j <4, where
V*y=0and V§ , =0

(iv) There does not exist a subspace W of V such that AW C W,
AWCW, W#0, W#V.
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From now on, we fix a tridiagonal pair (A, A¥).
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Some facts and notation:

X Refering to the above tridiagonal pair, it turns out that d = 4.
We call d the diameter of the tridiagonal pair.
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Some facts and notation:
X Refering to the above tridiagonal pair, it turns out that d = 4.
We call d the diameter of the tridiagonal pair.
X We say that an ordering {\/,-}7:O of the eigenspaces of A is
standard whenever

AV, CVi 1+ Vi+ Vi for 0<i < d,
(where V_; =0 and Vy,1 =0).
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Some facts and notation:
X Refering to the above tridiagonal pair, it turns out that d = 4.
We call d the diameter of the tridiagonal pair.
X We say that an ordering {\/,-}7:O of the eigenspaces of A is

standard whenever

AV, CVi 1+ Vi+ Vi for 0<i < d,
(where V_; =0 and Vy,1 =0).

In this case, the ordering {Vd_,-}:-jzo is also standard and no
further ordering is standard.
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Some facts and notation:

X Refering to the above tridiagonal pair, it turns out that d = 4.
We call d the diameter of the tridiagonal pair.
X We say that an ordering {\/,-}7:O of the eigenspaces of A is

standard whenever

AV, CVi 1+ Vi+ Vi for 0<i < d,
(where V_; =0 and Vy,1 =0).

In this case, the ordering {Vd_,-}:-jzo is also standard and no
further ordering is standard.

= This notion of standard orderings applies to A* as well.
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X Given an eigenspace of a diagonalizable linear transformation,
the corresponding primitive idempotent E is the projection
onto that eigenspace.
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X Given an eigenspace of a diagonalizable linear transformation,
the corresponding primitive idempotent E is the projection
onto that eigenspace.

® For 0 </ <d, let 0 (resp. 0F) denote the eigenvalue of A
(resp. A*) associated with the eigenspace E;V (resp. E*V).
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X Given an eigenspace of a diagonalizable linear transformation,
the corresponding primitive idempotent E is the projection
onto that eigenspace.

® For 0 </ <d, let 0 (resp. 0F) denote the eigenvalue of A
(resp. A*) associated with the eigenspace E;V (resp. E*V).

X It is known that for 0 </ < d the eigenspaces E;V, E/V have
the same dimension; we denote this common dimension by p;.
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Given an eigenspace of a diagonalizable linear transformation,
the corresponding primitive idempotent E is the projection
onto that eigenspace.

For 0 < < d, let 0; (resp. 0}) denote the eigenvalue of A
(resp. A*) associated with the eigenspace E;V (resp. E*V).

It is known that for 0 < i < d the eigenspaces E;V, E"V have
the same dimension; we denote this common dimension by p;.

It is also known that the sequence {p;},dzo is symmetric and
unimodal; i.e.,

pi = pd—i for 0 < i < d,

Pi—1 < Pi for 1 < i < d/2.
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Given an eigenspace of a diagonalizable linear transformation,
the corresponding primitive idempotent E is the projection
onto that eigenspace.

For 0 < < d, let 0; (resp. 0}) denote the eigenvalue of A
(resp. A*) associated with the eigenspace E;V (resp. E*V).

It is known that for 0 < i < d the eigenspaces E;V, E"V have
the same dimension; we denote this common dimension by p;.

It is also known that the sequence {p;},dzo is symmetric and
unimodal; i.e.,

pi = pd—i for 0 < i < d,
Pi—1 Sp,' for 1 SIS d/2.

The sequence (po, p1, ---, pg) is known as the shape of the
tridiagonal pair.
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A-LIKE ELEMENTS

Definition
With reference to the above notation, we say that an element X of
End(V) is A-like if the following two conditions hold:
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A-LIKE ELEMENTS

Definition
With reference to the above notation, we say that an element X of
End(V) is A-like if the following two conditions hold:

(i) X commutes with A.
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A-LIKE ELEMENTS

Definition
With reference to the above notation, we say that an element X of
End(V) is A-like if the following two conditions hold:

(i) X commutes with A.

(i) XV C Vi + Vi Vi for0<i<d.
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A-LIKE ELEMENTS

Definition
The subset of End(V) consisting of all the A-like elements is a
subspace of End(V'), which we denote by L.
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A-LIKE ELEMENTS

Definition
The subset of End(V) consisting of all the A-like elements is a
subspace of End(V'), which we denote by L.

We would like to describe L. In order to simplify the situation, we
will make some assumptions about our tridiagonal pair (A, A*).
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A-LIKE ELEMENTS for TD pairs of Krawtchouk type with shape
(1,2,1)
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A-LIKE ELEMENTS for TD pairs of Krawtchouk type with shape
(1,2,1)

Definition
We say that our tridiagonal pair (A, A*) has Krawtchouk type
whenever {2/ — d}?_ is a standard ordering of the eigenvalues of

both A and A*.
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A-LIKE ELEMENTS for TD pairs of Krawtchouk type with shape
(1,2,1)

Definition
We say that our tridiagonal pair (A, A*) has Krawtchouk type
whenever {2/ — d}?_ is a standard ordering of the eigenvalues of

both A and A*.

From now on, we assume (A, A*) has Krawtchouk type, with
diameter d = 2, and shape (1,2,1).
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A-LIKE ELEMENTS for TD pairs of Krawtchouk type with shape
(1,2,1)

Definition
We say that our tridiagonal pair (A, A*) has Krawtchouk type

whenever {2/ — d}?_ is a standard ordering of the eigenvalues of
both A and A*.

From now on, we assume (A, A*) has Krawtchouk type, with
diameter d = 2, and shape (1,2,1).

In some sense, this is the smallest, simplest kind of TD pair that is
not a Leonard Pair.
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Two Decompositions of E1V
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Two Decompositions of E1V

It follows from work by Melvin Vidar (2008) that the subspace
E1V of V decomposes as follows:

E\V =EEV®EREV
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Two Decompositions of E1V

It follows from work by Melvin Vidar (2008) that the subspace
E1V of V decomposes as follows:

E\V =EEV®EREV

One can check that £V also has the following decomposition:
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Two Decompositions of E1V

It follows from work by Melvin Vidar (2008) that the subspace
E1V of V decomposes as follows:

E\V =EEV®EREV
One can check that £V also has the following decomposition:

ELV =(EVN(EV +E V)& (VN (EfV + E;V))
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Two Decompositions of V

Thus, the space V' has the following two decompositions, each into
1-dimensional subspaces:

V=EV®EEV®EEV®EV
V=EVa(EVN(EV +EV)a&(EVN(EY +EfV)aEV
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Two Decompositions of V

Thus, the space V' has the following two decompositions, each into
1-dimensional subspaces:

V=EV®EEV®EEV®EV
V=EVa(EVN(EV +EV)a&(EVN(EY +EfV)aEV

Fact: In 2007, T. Ito and P. Terwilliger showed that there exists a
nonzero bilinear form (,) on V such that (Au,v) = (u, Av) and
(A*u,v) = (u, A*v) for all u,v in V. This form is unique up to
multiplication by a scalar in the field. The form is nondegenerate
and symmetric.
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Two Decompositions of V

Thus, the space V' has the following two decompositions, each into
1-dimensional subspaces:

V=EV®EEV®EEV®EV
V=EVa(EVN(EV +EV)a&(EVN(EY +EfV)aEV

Fact: In 2007, T. Ito and P. Terwilliger showed that there exists a
nonzero bilinear form (,) on V such that (Au,v) = (u, Av) and
(A*u,v) = (u, A*v) for all u,v in V. This form is unique up to
multiplication by a scalar in the field. The form is nondegenerate
and symmetric.

It is not difficult to check that the above two decompositions of V
are dual to one another with respect to this bilinear form.
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The subspace Lg of L

Definition
We define Ly to be the subspace of L containing the A-like
elements that vanish on EqV and E V.
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The subspace Lg of L

Definition
We define Ly to be the subspace of L containing the A-like
elements that vanish on EqV and E V.

Observe that

L=Lo®span{l,A}
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The subspace Lg of L

Definition
We define Ly to be the subspace of L containing the A-like
elements that vanish on EqV and E V.

Observe that
L=Lo®span{l,A}

We use the above decompositions of V' to describe Ly more
concretely:
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A Description of Ly

Theorem
For any X in End(V), X is in Lo if and only if the following four
conditions hold:
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A Description of Ly

Theorem
For any X in End(V), X is in Lo if and only if the following four
conditions hold:

(i) XEV =0
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A Description of Ly

Theorem

For any X in End(V), X is in Lo if and only if the following four
conditions hold:

(i) XEV =0
(i) XEV =0
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A Description of Ly

Theorem

For any X in End(V), X is in Lo if and only if the following four
conditions hold:

(i) XEV =0
(i) XEV =0
(iil) XE\EZV C BV N (EXV + EFV)
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A Description of Ly

Theorem
For any X in End(V), X is in Lo if and only if the following four
conditions hold:
(i) XEpV =0
(ii) XEV
(iii) XE1EO vV C E1V N(EV + EV)
(iv) XEiE;V C EiV N (EfV + E5V)
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From the above theorem, we see that Lg is a 2-dimensional
subspace of End(V), so L is 4-dimensional.
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From the above theorem, we see that Lg is a 2-dimensional
subspace of End(V), so L is 4-dimensional.

Up to a scalar multiple, there exist a unique linear map X~
satisfying condition 1 below.

Similarly, up to a scalar multiple, there exist a unique linear map
XT satisfying condition 2 below.
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From the above theorem, we see that Lg is a 2-dimensional
subspace of End(V), so L is 4-dimensional.

Up to a scalar multiple, there exist a unique linear map X~
satisfying condition 1 below.

Similarly, up to a scalar multiple, there exist a unique linear map
XT satisfying condition 2 below.

1. X"EEV = (ELV N (EV + EfV)) and
X~ (EV & ELE}V & E,V) = 0.
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From the above theorem, we see that Lg is a 2-dimensional
subspace of End(V), so L is 4-dimensional.

Up to a scalar multiple, there exist a unique linear map X~
satisfying condition 1 below.

Similarly, up to a scalar multiple, there exist a unique linear map
XT satisfying condition 2 below.
1. XTRHE;V =(ELVN(EfV + EV)) and
X (EVe BESVae EV)=0.

2. X+E1E2*V =(EVnNn (El*V—l- E2*V)) and
X+(E0V@ EE;V @ E;V) =0.
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From the above theorem, we see that Lg is a 2-dimensional
subspace of End(V), so L is 4-dimensional.

Up to a scalar multiple, there exist a unique linear map X~
satisfying condition 1 below.

Similarly, up to a scalar multiple, there exist a unique linear map
XT satisfying condition 2 below.

1. X"EEV = (ELV N (EV + EfV)) and
X~ (EV & ELE}V & E,V) = 0.

2. X+E1E2*V =(EVnNn (El*V—l- E2*V)) and
X+(E0V@ EE;V @ E;V) =0.

The maps X~ and X span Lg.
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From the above theorem, we see that Lg is a 2-dimensional
subspace of End(V), so L is 4-dimensional.

Up to a scalar multiple, there exist a unique linear map X~
satisfying condition 1 below.

Similarly, up to a scalar multiple, there exist a unique linear map
XT satisfying condition 2 below.
1. XTRHE;V =(ELVN(EfV + EV)) and
X (EVe BESVae EV)=0.
2. XTEE;V = (E1V N (EfV + E;V)) and
X+t (EcV @ EE;V @ E;V) =0.
The maps X~ and X span Lg.
So {I,A, X, Xt} forms a basis for L.
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Recall that our bilinear form on V satisfies (Au, v) = (u, Av) and
(A*u,v) = (u, A*v) for all u,vin V.
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Recall that our bilinear form on V satisfies (Au, v) = (u, Av) and
(A*u,v) = (u, A*v) for all u,vin V.

Fact: It turns out that for all X in L and for all u,v in V,
(Xu, v) = (u, Xv).
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Let Z (L) denote the set of elements of L that commute with every
element of L.
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Let Z (L) denote the set of elements of L that commute with every
element of L.

It turns out that Z (L) = span{l, A}.
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Let Z (L) denote the set of elements of L that commute with every
element of L.

It turns out that Z (L) = span{l, A}.

Therefore

L:Lo@Z(L)
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We will now look at the space L from a different point of view.
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We will now look at the space L from a different point of view.

In order to do this, we first recall a certain Lie algebra over F, and
we discuss how some of the representation theory known about it
applies to our TD pair (A, A*).
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The Tetrahedron Algebra (Hartwig and Terwilliger)

Definition
Let X denote the Lie algebra over IF that has generators

{xijlijeli#j} I={0,1,2,3}

and the following relations:
(i) For distinct i,j €1,

xjj + xji = 0.
(ii) For mutually distinct i, j, k € I,
[xij xik] = 2xij + 2xic
(iii) For mutually distinct /,j, k, ¢ € 1,

[ij7 [Xijv [Xij’ Xk@]]] = 4[XU>X1<€]'
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The Tetrahedron Algebra and Krawtchouk type TD pairs
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The Tetrahedron Algebra and Krawtchouk type TD pairs

Hartwig showed that there is a bijection between the set of
isomorphism classes of Krawtchouk type TD pairs and the set of
isomorphism classes of finite-dimensional irreducible X-modules.
The 4-dimensional vector space V we are considering affords an
action of X, and the actions of A and A* correspond to the actions
of x12 and xp3 respectively.
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Tensor Products of X-Modules
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Tensor Products of X-Modules

It follows from results by Hartwig that our 4-dimensional space can
be realized as a tensor product of two 2-dimensional spaces, each
of which is a X-module.
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Tensor Products of X-Modules

It follows from results by Hartwig that our 4-dimensional space can
be realized as a tensor product of two 2-dimensional spaces, each
of which is a X-module.

A acts as x12 on each of the 2-dimensional spaces, and it acts on
Vas A1+ 1® A
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Tensor Products of X-Modules

It follows from results by Hartwig that our 4-dimensional space can
be realized as a tensor product of two 2-dimensional spaces, each
of which is a X-module.

A acts as x12 on each of the 2-dimensional spaces, and it acts on
Vas A1+ 1® A

Similarly, A* acts as xp3 on each of the 2-dimensional spaces, and
itactson Vas A*®@ 1+ 1 ® A*.
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We call the above 2-dimensional modules Wy and W5.
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We call the above 2-dimensional modules Wy and W5.

Then there exists a basis By for W; and a scalar a, with respect to
which the actions of A and A* are

A (10) (s o)
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We call the above 2-dimensional modules Wy and W5.

Then there exists a basis By for W; and a scalar a, with respect to
which the actions of A and A* are

A (10) (s o)

and there exists a basis B, for W, and a scalar b, with respect to
which the actions of A and A* are

(Vo)W o)
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If we tensor the bases B; and B, together, we can form a basis C
for V.= Wj @ W, with respect to which the actions of A and A*
are as follows:

0110 0 a b 0
1001 . [ 172 0o 0o b
Al1o0o01 " | 1p 0 0 a
0110 0 1/b 1/a 0
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If we tensor the bases B; and B, together, we can form a basis C
for V.= Wj @ W, with respect to which the actions of A and A*
are as follows:

0110 0 a b 0
1001 . | 172 0 0o »
A 1 0 01 AT 1/b 0 0 a
0110 0 1/b 1/a 0

Theorem

Each vector of the basis C is an eigenvector for the commutator
[A, A*] = AA* — A*A.
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Other Elements of L

The maps A® | and | ® A are elements of L. With respect to the
basis C, they are represented by the following matrices

A®I: AR A:

= O O O
o = OO
o = OO
= O O O

O O+~ O
o O o
o O o
O O = O
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Other Elements of L

Let the scalars s and ¢ be defined as follows:

o - ()
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Other Elements of L

Let the scalars s and ¢ be defined as follows:
2 2
_ 1 +1)(b+1 _ b—1
5——5{%} €= (‘Zﬁ)

Let Xc =/ +s(X™ 4+ X™). Then X. is A-like, and with respect to
the basis C, it is represented by the matrix

0 0 0 1
0 1—-c c 0
Xe: 0 c 1—c 0
1 0 0 0

Gabriel Pretel A-like elements for a tridiagonal pair



Note that the set {/,A® I,/ ® A, X} is a linearly independent set
of elements of L, so this is a basis for L.

Gabriel Pretel A-like elements for a tridiagonal pair



Definition
Let i be the first element of the basis C.
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Definition
Let i be the first element of the basis C.

Theorem
For each element v of the basis C, there exists a unique A-like
map f such that f (n) = v.
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Definition
Let i be the first element of the basis C.

Theorem
For each element v of the basis C, there exists a unique A-like
map f such that f (n) = v.

Definition
Let ¢, be the evaluation map

¢op i L—V, defined by ¢, : f — f(n)
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Definition
Let i be the first element of the basis C.

Theorem
For each element v of the basis C, there exists a unique A-like
map f such that f (n) = v.

Definition
Let ¢, be the evaluation map

¢op i L—V, defined by ¢, : f — f(n)

Corollary
The map ¢, : L — V is an isomorphism of vector spaces.
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